
>  >  

>  >  

>  >  

>  >  

>  >  

>  >  

>  >  

>  >  

>  >  

>  >  

(1.2)(1.2)

>  >  

>  >  

(1.5)(1.5)

(1.4)(1.4)

(1.3)(1.3)

>  >  

>  >  

(1.1)(1.1)

>  >  

Aufgabe 55
r e s t a r t :
wi th(L inearAlgebra) :
wi th(VectorCalculus) :
BasisFormat( fa lse) :
A  : =  <  <  1 ,  0 ,  0 ,  0  >  |  <  1 ,  1 ,  0 ,  0  >  |  <  0 ,  1 ,  1 ,  0  >  |  <  0 ,  
0 ,  0 ,  2  >  > ;
y 0  : =  <  1 ,  1 ,  1 ,  1  > ;

#  L ö s e  u 1 ' ( x )  =  A  u ( x ) ,  u ( 0 )  =  y 0 .
u 1  : =  x  - >  M a t r i x E x p o n e n t i a l ( A ,  x )  .  y 0 :
u 1 ( x ) ;

#  Probe:
d i f f ( u 1 ( x ) ,  x )  -  A  .  u 1 ( x ) ;

# Inhomogene Gleichung
g  : =  x  - >  <  s i n ( x ) ,  0 ,  x ,  0  > ;

# Variat ion-der-Konstanten-Formel:
u 2  : =  x  - >  u 1 ( x )  +  i n t ( M a t r i x E x p o n e n t i a l ( A ,  x  -  s )  .  g ( s ) ,  s  =  
0  . .  x ) ;



(1.9)(1.9)

>  >  

>  >  

>  >  

>  >  

>  >  
>  >  

>  >  

(1.5)(1.5)

>  >  

(1.6)(1.6)

(1.7)(1.7)

(1.8)(1.8)

>  >  
>  >  

# Probe
d i f f ( u 2 ( x ) ,  x )  -  ( A  .  u 2 ( x )  +  g ( x ) ) ;

#  Var iante  mi t  dsolve .  Benöt igt  Maple-Vers ion >=  18
y  : =  x  - >  <  y 1 ( x ) ,  y 2 ( x ) ,  y 3 ( x ) ,  y 4 ( x )  > ;

d g l  : =  {  d i f f ( y ( x ) ,  x )  -  A  .  y ( x )  } ;
a w  : =  {  y ( 0 )  -  y 0  } ;

v 1  : =  x  - >  r h s ( d s o l v e ( d g l  u n i o n  a w ,  y ( x ) ) ) ;
v 1 ( x ) ;

E r r o r ,  ( i n  d s o l v e )  i n v a l i d  a r g u m e n t s ;  e x p e c t e d  a n  e q u a t i o n ,  
o r  a  s e t  o r  l i s t  o f  t h e m ,  r e c e i v e d :  { V e c t o r ( 4 ,  { ( 1 )  =  d i f f ( y 1
( x ) ,  x ) - y 1 ( x ) - y 2 ( x ) ,  ( 2 )  =  d i f f ( y 2 ( x ) ,  x ) - y 2 ( x ) - y 3 ( x ) ,  ( 3 )  =  
d i f f ( y 3 ( x ) ,  x ) - y 3 ( x ) ,  ( 4 )  =  d i f f ( y 4 ( x ) ,  x ) - 2 * y 4 ( x ) } ,  
a t t r i b u t e s  =  [ c o o r d s  =  c a r t e s i a n ] ) }

# Inhomogene Gleichung
d g l 2  : =  {  d i f f ( y ( x ) ,  x )  -  A  .  y ( x )  -  g ( x )  } ;



(2.3)(2.3)

>  >  

(1.9)(1.9)

>  >  

>  >  

>  >  

(2.2)(2.2)

>  >  
>  >  

>  >  

>  >  

(2.1)(2.1)

(3.1)(3.1)

(1.5)(1.5)

>  >  

>  >  

>  >  

>  >  

>  >  

>  >  

v 2  : =  x  - >  r h s ( d s o l v e ( d g l 2  u n i o n  a w ,  y ( x ) ) ) ;
v 2 ( x ) ;

E r r o r ,  ( i n  d s o l v e )  i n v a l i d  a r g u m e n t s ;  e x p e c t e d  a n  e q u a t i o n ,  
o r  a  s e t  o r  l i s t  o f  t h e m ,  r e c e i v e d :  { V e c t o r ( 4 ,  { ( 1 )  =  d i f f ( y 1
( x ) ,  x ) - y 1 ( x ) - y 2 ( x ) - s i n ( x ) ,  ( 2 )  =  d i f f ( y 2 ( x ) ,  x ) - y 2 ( x ) - y 3 ( x ) ,
( 3 )  =  d i f f ( y 3 ( x ) ,  x ) - y 3 ( x ) - x ,  ( 4 )  =  d i f f ( y 4 ( x ) ,  x ) - 2 * y 4 ( x ) } ,  
a t t r i b u t e s  =  [ c o o r d s  =  c a r t e s i a n ] ) }

#  U n d  n a t ü r l i c h  w i e d e r  p r ü f e n  ( s . o . )  . . .

Aufgabe 56
r e s t a r t :
#  Nun  e twas  a l lgemeiner ,  a ls  in  A  55 .
d g l  : =  {  d i f f ( y ( x ) ,  x )  =  A  *  y ( x )  +  f ( x ,  y ( x ) )  } ;
a w  : =  {  y ( 0 )  =  y 0  } ;

P h i  : =  e x p ( x  *  A )  *  y 0  +  i n t ( e x p ( ( x  -  s )  *  A )  *  f ( s ,  y ( s ) ) ,  s  =
0  . .  x ) ;

# Probe
s i m p l i f y ( d i f f ( P h i ,  x )  -  ( A  *  P h i  +  f ( x ,  y ( x ) ) ) ) ;

0

Aufgabe 57
r e s t a r t :
w i t h ( p l o t s ) :
d g l  : =  {
  d i f f ( y ( x ) ,  x )  =  a  *  y ( x )   -  b  *  y ( x )  *  z ( x ) ,
  d i f f ( z ( x ) ,  x )  =  - c  *  z ( x )  +  d  *  y ( x )  *  z ( x )
} ;
a w  : =  {  y ( 0 )  =  y 0 ,  z ( 0 )  =  z 0  } ;



>  >  

(1.9)(1.9)

(3.5)(3.5)

(3.2)(3.2)

>  >  

>  >  

>  >  

>  >  

(3.1)(3.1)

(1.5)(1.5)

(3.3)(3.3)

>  >  

>  >  

(3.4)(3.4)

>  >  

>  >  

p a r a m s  : =  {  y 0  =  6 0 0 0 ,  z 0  =  3 0 ,  a  =  1 / 5 ,  b  =  1 / 5 0 0 ,  c  =  1 / 1 0 ,  d
=  1 / 1 0 0 0 0 0  } ;
dg l2  :=  {  op(subs(params,  dg l ) ) ,  op (subs(params,  aw) )  } ;

l o e s u n g  : =  d s o l v e ( d g l 2 ,  {  y ( x ) ,  z ( x )  } ,  n u m e r i c ,  o u t p u t  =  
l i s t p r o c e d u r e ) ;

loesung(1) ;

l y  : =  x  - >  r h s ( l o e s u n g [ 2 ] ( x ) ) ;
l z  : =  x  - >  r h s ( l o e s u n g [ 3 ] ( x ) ) ;

# Suche Plotbereich
p l o t ( [  l y ( x ) ,  1 0 0  *  l z ( x ) ,  x  =  0  . .  1 0 ] ) ;
p l o t ( [  l y ( x ) ,  1 0 0  *  l z ( x ) ,  x  =  0  . .  2 0 ] ) ;



(3.1)(3.1)

(1.9)(1.9)

(1.5)(1.5)



(3.1)(3.1)

(1.9)(1.9)

(1.5)(1.5)

>  >  a n i m a t e ( p l o t ,  [  [  l y ( x ) ,  1 0 0  *  l z ( x ) ,  x  =  T  -  1 0  . .  T  ] ,  c o l o r  
=  b l u e ,  l e g e n d  =  " y ( x )  v s .  z ( x ) "  ] ,  T  =  1 0  . .  6 0 ) ;



(1.9)(1.9)

(3.6)(3.6)

>  >  

(3.8)(3.8)

(3.7)(3.7)

(3.1)(3.1)

(1.5)(1.5)

>  >  

>  >  

>  >  

(b)
e q s  : =  s e q ( s u b s ( {  y ( x )  =  y ,  z ( x )  =  z  } ,  r h s ( d g l [ k k ] )  =  0 ) ,  k k  =
1 . . n o p s ( d g l ) ) ;

g l e i c h G e w P u n k t e  : =  s o l v e ( {  e q s  } ,  {  y ,  z  } ) ;

#  Probe:
for ggp in gleichGewPunkte do
  a w G G  : =  s u b s ( s u b s ( {  y  =  y 0 ,  z  =  z 0  } ,  g g p ) ,  a w ) ;
  d s o l v e ( {  o p ( d g l ) ,  o p ( a w G G )  } ,  {  y ( x ) ,  z ( x )  } ) ;
end do;



(1.9)(1.9)

>  >  

>  >  

(3.8)(3.8)

>  >  

>  >  

>  >  

>  >  

(3.1)(3.1)

(1.5)(1.5)

>  >  

>  >  

>  >  

>  >  

(3.9)(3.9)

(3.11)(3.11)

(3.10)(3.10)

# Also Lösungen konstant!
(c)

#  Wer te  aus  (a )
# Richtungsfeld der DGL
d g l 2 ;

v  : =  < s e q ( s u b s ( {  y ( x )  =  y ,  z ( x )  =  z  } ,  r h s ( d g l 2 [ k k ] ) ) ,  k k  =  1  .
.  n o p s ( d g l ) )  > ;

# Vektorfeld normieren
w  : =  v  /  n o r m ( v ,  2 ) ;

p f  : =  f i e l d p l o t ( w ,  y  =  0 . . 3 3 0 0 0 ,  z  =  0  . .  2 5 0 ) ;
p s o l  : =  p l o t ( [  l y ( x ) ,  l z ( x ) ,  x  =  0  . .  6 0  ] ,  c o l o r  =  b l u e ,  
t h i c k n e s s  =  2 ) ;
d i s p l a y ( p f ,  p s o l ) ;



(1.9)(1.9)

>  >  
>  >  

(4.1)(4.1)

>  >  

(3.8)(3.8)

>  >  

(4.4)(4.4)

(4.3)(4.3)

(3.1)(3.1)

(1.5)(1.5)

>  >  

>  >  

(4.2)(4.2)

Aufgabe 58
r e s t a r t :
w i t h ( p l o t s ) :
d g l  : =  {
  d i f f ( y ( x ) ,  x )  =  a  *  y ( x )  -  k * y ( x ) ^ 2  -  b  *  y ( x )  *  z ( x ) ,
  d i f f ( z ( x ) ,  x )  =  - c  *  z ( x )  +  d  *  y ( x )  *  z ( x )
} ;

a w  : =  {  y ( 0 )  =  y 0 ,  z ( 0 )  =  0  } ;

l o e s  : =  d s o l v e ( {  o p ( d g l ) ,  o p ( a w )  } ,  {  y ( x ) ,  z ( x )  } ) ;

l i m i t ( r h s ( l o e s [ 1 ] ) ,  x  =  i n f i n i t y )  a s s u m i n g  a : : p o s i t i v e ;



(1.9)(1.9)

>  >  
(4.7)(4.7)

(3.8)(3.8)

>  >  

(4.4)(4.4)

(3.1)(3.1)

(4.6)(4.6)

(1.5)(1.5)

(4.5)(4.5)

>  >  

>  >  

a
k

(c)
p a r a m s  : =  {  y 0  =  6 0 0 0 ,  z 0  =  3 0 ,  a  =  1 / 5 ,  b  =  1 / 5 0 0 ,  c  =  1 / 1 0 ,  d
=  1 / 1 0 0 0 0 0  } ;

k s  : =  {  k  =  1 / 1 0 ^ 5 ,  k  =  1 / 1 0 ^ 6  } ;

a w 2  : =  {  y ( 0 )  =  y 0 ,  z ( 0 )  =  z 0  } ;

f o r  k k  i n  1  . .  n o p s ( k s )  d o
  dg l2  :=  subs(params union {ks[kk] } ,  dg l )  un ion  subs(params,  
aw2):
  l o e s u n g  : =  d s o l v e ( d g l 2 ,  {  y ( x ) ,  z ( x )  } ,  n u m e r i c ,  o u t p u t  =  
l i s t p r o c e d u r e ) :
  l y  : =  x  - >  r h s ( l o e s u n g [ 2 ] ( x ) ) ;
  l z  : =  x  - >  r h s ( l o e s u n g [ 3 ] ( x ) ) ;
  p r i n t ( p l o t ( [  l y ( x ) ,  1 0 0  *  l z ( x ) ,  x  =  0  . .  3 0 0 ] ) ) ;
end do:



(3.1)(3.1)

(1.9)(1.9)

(1.5)(1.5)

(3.8)(3.8)

(4.4)(4.4)



>  >  

>  >  

(1.9)(1.9)

>  >  

>  >  

(3.8)(3.8)

>  >  

>  >  

(4.4)(4.4)

>  >  

(3.1)(3.1)

(5.3)(5.3)

(1.5)(1.5)

>  >  

(5.2)(5.2)

>  >  

>  >  

>  >  

(5.1)(5.1)

Aufgabe 59
r e s t a r t :
w i t h ( p l o t s ) :
wi th(VectorCalculus) :
wi th(L inearAlgebra) :
BasisFormat( fa lse) :
f  : =  ( x ,  y )  - >  x ^ 2  *  ( y  +  1 )  +  y / 2 ;
g  : =  ( x ,  y )  - >  x ^ 2  +  y ^ 2  -  1 ;

p a r a m  : =  t  - >  (  c o s ( t ) ,  s i n ( t )  ) ;

h  : =  t  - >  ( f @ p a r a m ) ( t ) ;
d h  : =  D ( h ) ;
d2h  :=  D (dh ) ;



(5.4)(5.4)

(1.9)(1.9)

(5.5)(5.5)

>  >  

(3.8)(3.8)

(4.4)(4.4)

(5.3)(5.3)

(1.5)(1.5)

>  >  

(3.1)(3.1)

>  >  

>  >  

>  >  

#  h ( 0 ) ,  d h ( 0 ) ,  d 2 h ( 0 ) ;
k r i t i s c h e _ p u n k t e  : =  s o l v e ( {  d h ( t )  =  0  } ,  {  t  } ) :
#  U n d  w i e  b e i m  l e t z t e n  M a l  i s t  d i e  P e r i o d i z i t ä t  b e i  t  =  P i / 2  
anders ,  daher  t  =  -P i / 2  h inzu fügen
k r i t i s c h e _ p u n k t e  : =  k r i t i s c h e _ p u n k t e ,  {  t  =  - P i / 2  } ;

f o r  k r  i n  k r i t i s c h e _ p u n k t e  d o
  x y  : =  s i m p l i f y ( s u b s ( k r ,  [ p a r a m ( t ) ] ) ) :
  p r i n t ( ' t '  =  s i m p l i f y ( s u b s ( k r ,  t ) ) ) ;
  p r i n t ( ' < x ,  y > '  =  x y ) ;
  i f  ( n o t  i s ( x y [ 1 ] ,  r e a l ) )  o r
      ( n o t  i s ( x y [ 2 ] ,  r e a l ) )  t h e n
    #  Komplexe Werte überspringen
    p r i n t ( " K o m p l e x e  k r i t i s c h e  S t e l l e  i g n o r i e r t " ) ;
    n e x t ;
  e n d  i f ;
  p r i n t ( ' f ( x ,  y ) '  =  f ( x y [ 1 ] ,  x y [ 2 ] ) ) ;
  #  Kr i te r ium 2 .  Ordnung
  d 2 h _ v a l  : =  s i m p l i f y ( s u b s ( k r ,  d 2 h ( t ) ) ) ;
  p r i n t ( ' d i f f ( f @ p a r a m ,  t ) ' ( ' t ' )  =  d 2 h _ v a l ) ;
  # typ  :=  minMax[s ign(d2h_va l ) ] ;
  # p r i n t ( t y p ) ;
end do:



(1.9)(1.9)

(5.5)(5.5)

(3.8)(3.8)

(4.4)(4.4)

(5.3)(5.3)

(1.5)(1.5)

(3.1)(3.1)

"Komplexe kritische Stelle ignoriert"

"Komplexe kritische Stelle ignoriert"



(1.9)(1.9)

(5.5)(5.5)

(5.6)(5.6)

(3.8)(3.8)

>  >  

(4.4)(4.4)

(5.3)(5.3)

(1.5)(1.5)

>  >  

>  >  

(5.8)(5.8)

>  >  

>  >  

>  >  

(3.1)(3.1)

(5.9)(5.9)

(5.7)(5.7)

k r i t i s c h e _ p u n k t e  : =  s e q ( k r i t i s c h e _ p u n k t e [ l l ] ,  l l  i n  [  1 ,  2 ,  5 ,  
6  ] ) ;

#  Je t z t  das  Innere  be t rach ten .
g r a d F  : =  G r a d i e n t ( f ( x ,  y ) ,  [  x ,  y ] ) ;

k r i t i s c h e _ p u n k t e _ i n n e n  : =  s o l v e ( {  g r a d F [ 1 ]  =  0 ,  g r a d F [ 2 ]  =  0  } ,
{  x ,  y  } ) ;

fo r  k r  in  a l l va lues (k r i t i sche_punkte_ innen)  do
  # x y  : =  s i m p l i f y ( s u b s ( k r ,  [ p a r a m ( t ) ] ) ) :
  x y  : =  s u b s ( k r ,  <  x ,  y  > ) ;
  p r i n t ( ' < x ,  y > '  =  x y ) ;
  i f  ( n o t  i s ( x y [ 1 ] ,  r e a l ) )  o r
      ( n o t  i s ( x y [ 2 ] ,  r e a l ) )  t h e n
    #  Komplexe Werte überspringen
    p r i n t ( " K o m p l e x e  k r i t i s c h e  S t e l l e  i g n o r i e r t " ) ;
    n e x t ;
  e n d  i f ;
end do:

"Komplexe kritische Stelle ignoriert"

"Komplexe kritische Stelle ignoriert"

# Also keine kr i t ischen Punkte  gefunden,  a lso keine Extrema im 
Inneren .



>  >  

(1.9)(1.9)

(5.5)(5.5)

(3.8)(3.8)

>  >  

>  >  

(4.4)(4.4)

(3.1)(3.1)

(5.3)(5.3)

(1.5)(1.5)

>  >  

>  >  

k p 3 d  : =  [  s e q ( s u b s ( k r ,  [  p a r a m ( t ) ,  ( f @ p a r a m ) ( t )  ] ) ,  k r  i n  
k r i t i s c h e _ p u n k t e )  ] :
p f  : =  p l o t 3 d ( f ( x ,  y ) ,  x  =  - 1 . 1 . . 1 . 1 ,  y  =  - 1 . 1 . . 1 . 1 ) :
p f_const r  :=  spacecurve( [  param( t ) [1 ] ,  param( t ) [2 ] ,  ( f@param)
( t ) ,  t  =  - P i . . P i  ] ,  x  =  - 1 . . 1 ,  y  =  - 1 . . 1 ,  t h i c k n e s s  =  3 ,  c o l o r  
=  b l a c k  ) :
pp  :=  po in tp lo t3d (kp3d ,  symbol  =  c i rc le ,   symbols i ze  =  50 ,  
c o l o r  =  y e l l o w ) ;
d i s p l a y ( [  p f ,  p f _ c o n s t r ,  p p  ] ) ;


