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Y Aufgabe 42

> restart;
| > with(LinearAlgebra):
>f = (X,y,2)->x"2-y"r2 + 2z2"2 - (X2 + 2*y"N2 +4*zN2)N2;
fi= (% 2) > ¥V + 2 — (412 +474)° (1.1)

=> Df := [ diff(f(x, vy, z), x), diff(f(x, vy, z),y), diff(f(x, vy,
z), z) |;

Dfi=[2x—4(X¥+2y +472)x -2y—8(X¥+2y +47)y,2z—16 (¥ (1.2)

i +2V+4 7) 7]

(> D2f := < < diff(f(x, vy, z), x$2), diff(f(x, vy, z), [ x, vy 1),
diff(f(x, y, z), [ x, z1) > |
< diff(f(x, vy, z), [y, x1), diff(f(x, vy, z), y$2), diff(f(x,

vy, z), [y, z1) > |
< diff(f(x, Yy, Z); [ z, X ]), diff(f(x, Y, z), [ z,y ]), diff
(f(x, vy, z), z$2) > >;

D2f=[[-12X —8)/ =16 7 +2,-16 yx, -32 zx], (1.3)

[-16yx, -8 X — 48y — 327 —2, -64 z Y],
[-322x,-6427y, -16 X —32)" —192 7 +2]]

=> kritischePunkte := solve([ seq(Df[i] =0, i =1..3)],[ x, vV,

z ]):
> kritischePunkte := seq(allvalues(kritischePunkte[kk]), kk = 1..

nops(kritischePunkte));
x:g,yzo,z:() x:—Q,y (1.4)

2

kritischePunkte := [x=0, y=0, z=0],

=0,z=0

x:O,y:iﬁ,Z:O

vz
8

x=0,y:—i\/7,z:o x=0,y

J2

=0,z=-"—

i 8
> # Reelle LOsungen

> kritischePunkte := [ seq(kritischePunkte[kk], kk in [ 1, 2, 3,
6, 7 1) 1;

x=0,y=0,z=-

kritischePunkte := | [x= 0, y =0, z=0], X=g,y=0,z=0, x=—g,y (1.5)
=O’Z:O’ XZO’y=0’2=%1 XZO’)}:O;Z:—%ll

B # Priufe Definitheit der Hesse-Matrix

> seq(print(kritischePunkte[kk], 'EW' = Eigenvalues(subs



(kritischePunkte[kk], D2f))), kk = 1..nops(kritischePunkte));
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x:OJMJLz:rizLEW: (1.6)
8 3
2

> # Das heif3t: 0 und (0,0,+-sqrt(2)/8) sind Sattelpunkte
| # die anderen beiden lokale Maxima
> plot3d(f(x, 0, y), x =-1..1,y = -1/2..1/2, style =

patchcontour, contours=35, view = -0.3 .. 0.3, numpoints =
3000);




(> plot3d(f(x, y, 0), x = -1..1, y = -1/2..1/2, style =
patchcontour, contours=35, view = -0.3 .. 0.3, numpoints =
3000);




>
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restart;
with(LinearAlgebra):
with(VectorCalculus):
with(plots):
q :=<X,Yy, 2z >,
qa= (X)e,+ (Ve,+ (2)e, (2.1)

gl := <1, 0, 0 >
g2 :=<0,1, 0 >

ql = eX

a2=-e, (2.2)
f:=3/ VectorNorm(ql - q, 2) + 2/ VectorNorm(q2 - q, 2);

Gradf := Gradient(f, [ x, vy, z ]);
fim 3 ¥ =
JIx=1F+2+12° VI +1ly—1F +12°




> fieldplot3d(Gradf, x = -0.5..1.5, y = -0.5..1.5, z
thickness = 2, axes = boxed);
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> restart;

>f = x ->-(x"3 + 3*x"2 + 4*x + 3) * exp(-X);

i f=x—-(+3x¥+4x+3)e™

> df := D(f);

i df=x— -(3xX +6x+4) e+ (X +3xX +4x+3) ™

L 3|x—1|abs(1, x—1) 2 |x abs(1, x) _
Gradf:= | - 12 2 1232 (2 o 112 A2 3/2Jex+
(Ix =11+ 1" +14°) (Ix°+1y—1]"+14%)
3 [y abs(1, y) _ 2|y—1labs(1l,y—1) Jé +(
3/2 3/2
(Ix=1P+ 2 +12%)°""  (xP+ly—12+14%)°"° )
3|7 abs(1, z) B 2 |z abs(1, 2) ]é
(Ix=1P+ 2 +122)°"% (P +ly—12+124%)°° ) *

(2.3)

(3.1)

(3.2)



> d2f := D(df);
d2f =xm -(6x+6) e +2 (3X +6x+4) e "~ (¥ +3x¥ +4x+3)e™ (3.3)
L(a)
>plot([ f(x), df(x), d2f(x) 1],
X =-2..6,y = -5..5,
color = [ blue, red, magenta ], legend = [ 'f', "f'", "f'"

],
numpoints = 1000);

(b)
> minimize(f(x), x = -1..2)
51V s (V5 1) o sas]e?
i 5 5|+ > Tyt +5]|e (3.4)
B maximize(f(x), x = -1..2)
3 2 1 J5
{G-F)(3-F) 2™ e

[(c)



> kritischeStellen := solve({ df(x) = 0 }, { });
kritischeStellen :== {x= —1}, {x: % — g}, {x: g +%} (3.6)

> #evalf(kritischeStellen) ;
> rhskritischeStellen[1][1]);

i (3.7)
[ > f(rhs(kritischeStellen[2][1]));
1 5 ’ 1 > % g
i [(E_gj +3[§—g) +5—2J_] (3.8)
[ > mm|[false] := "Maximum"; mm[true] := "Minimum?";
MMy, = "Maximum"
mm,,,,, = "Minimum" (3.9

> seq(print([ f(rhs(x[1])), d2f(rhs(x[1])), mmJ[is(d2f(rhs(x[1])),
positive)] ]), x in [ kritischeStellen ]);

[ -e,e, "Minimum" ]

3 15

O R e B

1 5 1 JT
_—+_ — -~ =
—3J5)e? 2 42 3(%—@] 47— 3E]e2 —[(%
3 2 1 J5
__+_
Pl 0]
3 2 ¥y 1
([(Ed)ss(E et rermes)e T 6em (3.10)
V5 1 2 ¥5 1
+9)e 2 242 3[§+%j +3J5 +7]e 2 2—([@
3 2 5 1
+%) +3(§+%] +2J5 +5|e ° , 'Minimum"
(d)
> tangente := x -> f(0) + (x - 0) * df(O)
tangente := x — f(0) +xdf(0 (3.11)

B plot([ f(x), tangente(x) ], x = -2..2);




> schnittpunkte := solve({ tangente(x) = f(x) }, x);
> schnittpunkte := allvalues(schnittpunkte);
> evalf(schnittpunkte); # Hmmmm

Warnin solutions may have been lost
schnittpunkte = {x = RootOf(e -2 _Z +3e-*_Z+4e % _7+3e 4~ 7

-3)}

schnittpunkie = {x = RootOf (¢™-* 2 +3¢e " _Z+4e - _Z+3e 7~ 7
—3, —1.532145884) }, {x=RootOf(e ~* 7’ +3e* 7 +4e* Z
+3e"—_7-3,0.)}

i {x=—1.532145884}, {x=0.} (3.12)
(> s1 := fsolve({ tangente(x) = f(x) }, x);
>sl1 :=rhs(sl[1]);

s1:={x=0.}
i s1:=0. (3.13)
(> 52 := fsolve({ tangente(x) = f(x) }, x, avoid = { x = s1 });
>s2 :=rhs(s2[1]);




\ 4

s2:= {x=—1.532145884}
s2:= —1.532145884 (3.14)

>s3 :=fsolve({ tangente(x) = f(x) }, x, avoid = { x = sl1, x =
s2 });
>s3 :=rhs(s3[1]);
$3:= {x=1.136613580}

s3:=1.136613580 (3.15)
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[> restart;
> with(VectorCalculus):
> SetCoordinates('cartesian'[x[1], x[2], x[3]]);

cartesian, , (4.1)
i 17273
> BasisFormat(false);
true (4.2)
>f = x ->exp(x[1] * x[2]) * arctan(x[2] * x[3]);
X X
fi=x—e' ?arctan(x, x;) (4.3)

[(a)

>df := x -> < diff(f(x), x[1]), diff(f(x), x[2]), diff(f(x), x
[3]) >;

> gr = Gradient(f(x), [ x[1], x[2], x[3] 1);

> # Test
> VectorField(df(x)) - gg; 5 5
df =xw [— [(X), — f(x), — f(X)
0x; 0X, 0X5
%
X, € alrctan(x2 x3)
X X
% e ’x
X, e arctan(x, X,) + —————
gr = ! (2 3) x§x§+1
XX2
el X,
x%x%—i—l
0
0 (4.4)
0
[ > d2f := x -> < < diff(f(x), x[1]%$2), diff(f(x), x[2], x[1]),

diff(f(x), x[3], x[1]) > |



< diff(f(x), x[1], x[2]), diff(f(x), x[2]%2),
diff(f(x), x[3], x[2]) > |

< diff(f(x), x[1], x[3]), diff(f(x), x[2], x[3]),
diff(f(x), x[3]%$2) > >
>H := Hessian(f(x), [ x[1], x[2], x[3] ]);
> # Test
> d2f(x) - H;

A2f = 02 02 2
fr= x> <<E;a§ [0 o [0 f(x)>
e ﬂmﬂ “_ v azfuxﬁ%ﬂm»
0X5

0X30X, X, 0X; ’ 0X,0X;

‘<62fuxﬁ%ﬂm

5;
6x36x1

X X X X X X
12

x% el? aurctan(x2 x3), el ? arctan(x2 x3) + X, x, € arctan(x2 x3)

H:=

% 2 %
e xg xe

x%xg—i—l ’x§x§+1

3

X X
X X X1 X2 x2 e 12 x3
e aurctan(x2 x3) +X, X, € arctan(x2 x3) + 55
X5 X3+ 1

X X X X X X X X
X x 2x el 172 3 172 1%

> 2 5 o 20 " 22 2 2

xie arctan(x2 x3) +
% 20
2e X3 X5
2 )

(x5 +1)

> N % X X % 200 % 3

X; e X e X, el ?2 2e xgx2 2e7 “Xy Xy

2 ! 2 2 ) 2

N+l NG+l x5+l (B )
000
000 (4.5)
000

(%% +1)°

_(b)
>r = (s, x) -> f(<x[1], x[2], x[3]> + <1, 1, 1> * s);
r:i= (8 X) — f(<x1, X, x3> +((1,1, 1) S)) (4.6)

= 0), x);
%
X e " (X+Xx)

ra=x— (x,+x;)e' “arctan(x, x;) + 2211 (4.7)
2 X3

>ra = unapply(eval(diff(r(s, x), s), s




> # Alternative Definition
>ra_Grad :=gr . <1,1,1>;

1% 1% QXI k X3
ra_Grad := X, e arctan(x, x;) +x; e arctan(x, X3) + 55— (4.8)
x§x3+1
1%
e X5
T
X5 X3+ 1
(> # Test
> simplify(ra_Grad - ra(x));
0 (4.9)
L(C)
> points := <0, 1, 0>, <1, 1, 1>;
0 1
points:==| 1 |, | 1 (4.10)
0 1
[ > seq(print(ra(p)), p in points);
1
T e (4.11)




