
>  >  
>  >  

(1.5)(1.5)

>  >  

>  >  

(1.2)(1.2)

>  >  

>  >  

>  >  

>  >  

>  >  

>  >  

(1.3)(1.3)

>  >  

(1.1)(1.1)

(1.4)(1.4)

(1.6)(1.6)

Blatt 11

Aufgabe 42
r e s t a r t ;
wi th(L inearAlgebra) :
f  : =  ( x ,  y ,  z )  - >  x ^ 2  -  y ^ 2  +  z ^ 2  -  ( x ^ 2  +  2 * y ^ 2  + 4 * z ^ 2 ) ^ 2 ;

D f  : =  [  d i f f ( f ( x ,  y ,  z ) ,  x ) ,  d i f f ( f ( x ,  y ,  z ) ,  y ) ,  d i f f ( f ( x ,  y ,  
z ) ,  z )  ] ;

D 2 f  : =  <  <  d i f f ( f ( x ,  y ,  z ) ,  x $ 2 ) ,  d i f f ( f ( x ,  y ,  z ) ,  [  x ,  y  ] ) ,  
d i f f ( f ( x ,  y ,  z ) ,  [  x ,  z  ] )  >  |  
<  d i f f ( f ( x ,  y ,  z ) ,  [  y ,  x  ] ) ,  d i f f ( f ( x ,  y ,  z ) ,  y $ 2 ) ,  d i f f ( f ( x ,  
y ,  z ) ,  [  y ,  z  ] )  >  |
<  d i f f ( f ( x ,  y ,  z ) ,  [  z ,  x  ] ) ,  d i f f ( f ( x ,  y ,  z ) ,  [  z ,  y  ] ) ,  d i f f
( f ( x ,  y ,  z ) ,  z $ 2 )  >  > ;

k r i t i s c h e P u n k t e  : =  s o l v e ( [  s e q ( D f [ i ]  =  0 ,  i  =  1 . . 3 )  ] ,  [  x ,  y ,  
z  ] ) :
k r i t i s c h e P u n k t e  : =  s e q ( a l l v a l u e s ( k r i t i s c h e P u n k t e [ k k ] ) ,  k k  =  1 . .
nops(kr i t ischePunkte) ) ;

# Reelle Lösungen
k r i t i s c h e P u n k t e  : =  [  s e q ( k r i t i s c h e P u n k t e [ k k ] ,  k k  i n  [  1 ,  2 ,  3 ,  
6 ,  7  ] )  ] ;

#  P rü fe  De f in i the i t  de r  Hesse -Mat r i x
seq(pr int (kr i t ischePunkte[kk] ,  'EW'  =  E igenvalues(subs



>  >  

>  >  

>  >  

(1.6)(1.6)

( k r i t i s c h e P u n k t e [ k k ] ,  D 2 f ) ) ) ,  k k  =  1 . . n o p s ( k r i t i s c h e P u n k t e ) ) ;

#  D a s  h e i ß t :  0  u n d  ( 0 , 0 , + - s q r t ( 2 ) / 8 )  s i n d  S a t t e l p u n k t e ,
# die anderen beiden lokale Maxima
p l o t 3 d ( f ( x ,  0 ,  y ) ,  x  =  - 1 . . 1 ,  y  =  - 1 / 2 . . 1 / 2 ,  s t y l e  =
pa tchcontour ,  contours=35 ,  v iew =  -0 .3  . .  0 .3 ,  numpoin ts  =  
3 0 0 0 ) ;



>  >  

>  >  

(1.6)(1.6)

p l o t 3 d ( f ( x ,  y ,  0 ) ,  x  =  - 1 . . 1 ,  y  =  - 1 / 2 . . 1 / 2 ,  s t y l e  =
pa tchcontour ,  contours=35 ,  v iew =  -0 .3  . .  0 .3 ,  numpoin ts  =  
3 0 0 0 ) ;



>  >  

>  >  
>  >  

>  >  

>  >  
>  >  

>  >  

>  >  

>  >  

(2.1)(2.1)

(2.3)(2.3)

>  >  

(2.2)(2.2)

(1.6)(1.6)

Aufgabe 43
r e s t a r t ;
wi th(L inearAlgebra) :
wi th(VectorCalculus) :
w i t h ( p l o t s ) :
q  : =  <  x ,  y ,  z  > ;

q 1  : =  <  1 ,  0 ,  0  > ;
q 2  : =  <  0 ,  1 ,  0  > ;

f  : =  3  /  V e c t o r N o r m ( q 1  -  q ,  2 )  +  2  /  V e c t o r N o r m ( q 2  -  q ,  2 ) ;
G r a d f  : =  G r a d i e n t ( f ,  [  x ,  y ,  z  ] ) ;



>  >  

(3.2)(3.2)

(3.1)(3.1)

>  >  

(2.3)(2.3)

>  >  

>  >  
>  >  

(1.6)(1.6)

f i e l d p l o t 3 d ( G r a d f ,  x  =  - 0 . 5 . . 1 . 5 ,  y  =  - 0 . 5 . . 1 . 5 ,  z  =  - 1 . . 1 ,  
th ickness  =  2 ,  axes  =  boxed) ;

Aufgabe 44
r e s t a r t ;
f  : =  x  - >  - ( x ^ 3  +  3 * x ^ 2  +  4 * x  +  3 )  *  e x p ( - x ) ;

d f  : =  D ( f ) ;



>  >  

(3.3)(3.3)

(3.5)(3.5)

>  >  

>  >  

>  >  

>  >  

(2.3)(2.3)

(3.4)(3.4)

(1.6)(1.6)

d 2 f  : =  D ( d f ) ;

(a)
p l o t ( [  f ( x ) ,  d f ( x ) ,  d 2 f ( x )  ] ,
    x  =  - 2 . . 6 ,  y  =  - 5 . . 5 ,
    c o l o r  =  [  b l u e ,  r e d ,  m a g e n t a  ] ,  l e g e n d  =  [  ' f ' ,  " f ' " ,  " f ' ' "
] ,
    n u m p o i n t s  =  1 0 0 0 ) ;

(b)
m i n i m i z e ( f ( x ) ,  x  =  - 1 . . 2 ) ;

m a x i m i z e ( f ( x ) ,  x  =  - 1 . . 2 ) ;

(c)



>  >  

(3.3)(3.3)

>  >  

(3.11)(3.11)

>  >  

>  >  

>  >  

>  >  

(3.8)(3.8)

>  >  

(3.6)(3.6)

>  >  

>  >  

(3.10)(3.10)

(3.9)(3.9)

(3.7)(3.7)

(2.3)(2.3)

>  >  

(1.6)(1.6)

k r i t i s c h e S t e l l e n  : =  s o l v e ( {  d f ( x )  =  0  } ,  {  x  } ) ;

# e v a l f (k r i t i s c h e S t e l l e n) ;
r h s (k r i t i s c h e S t e l l e n[ 1 ] [ 1 ] ) ;

f ( r h s (k r i t i s c h e S t e l l e n[ 2 ] [ 1 ] ) ) ;

mm[false] := "Maximum"; mm[true] := "Minimum";

s e q ( p r i n t ( [  f ( r h s ( x [ 1 ] ) ) ,  d 2 f ( r h s ( x [ 1 ] ) ) ,  m m [ i s ( d 2 f ( r h s ( x [ 1 ] ) ) ,
p o s i t i v e ) ]  ] ) ,  x  i n  [  k r i t i s c h e S t e l l e n ] ) ;

(d)
t a n g e n t e  : =  x  - >  f ( 0 )  +  ( x  -  0 )  *  d f ( 0 ) ;

p l o t ( [  f ( x ) ,  t a n g e n t e ( x )  ] ,  x  =  - 2 . . 2 ) ;



>  >  

>  >  

(3.3)(3.3)
>  >  

(3.14)(3.14)

>  >  

>  >  

(3.6)(3.6)

(3.12)(3.12)

>  >  

>  >  

(2.3)(2.3)

>  >  

(3.13)(3.13)

>  >  

>  >  

(1.6)(1.6)

s c h n i t t p u n k t e  : =  s o l v e ( {  t a n g e n t e ( x )  =  f ( x )  } ,  x ) ;
schn i t tpunkte  :=  a l l va lues (schn i t tpunkte ) ;
evalf(schnittpunkte); # Hmmmm

W a r n i n g ,  s o l u t i o n s  m a y  h a v e  b e e n  l o s t

s 1  : =  f s o l v e ( {  t a n g e n t e ( x )  =  f ( x )  } ,  x ) ;
s 1  : =  r h s ( s 1 [ 1 ] ) ;

s 2  : =  f s o l v e ( {  t a n g e n t e ( x )  =  f ( x )  } ,  x ,  a v o i d  =  {  x  =  s 1  } ) ;
s 2  : =  r h s ( s 2 [ 1 ] ) ;



>  >  

>  >  

(3.14)(3.14)

>  >  

>  >  

>  >  

(2.3)(2.3)

>  >  
>  >  

>  >  

>  >  

(4.1)(4.1)

(1.6)(1.6)

>  >  

(3.3)(3.3)

(4.5)(4.5)

(4.2)(4.2)

>  >  

>  >  

(4.4)(4.4)

(3.15)(3.15)

>  >  

(4.3)(4.3)

(3.6)(3.6)

>  >  

>  >  

s 3  : =  f s o l v e ( {  t a n g e n t e ( x )  =  f ( x )  } ,  x ,  a v o i d  =  {  x  =  s 1 ,  x  =  
s 2  } ) ;
s 3  : =  r h s ( s 3 [ 1 ] ) ;

Aufgabe 45
r e s t a r t ;
wi th(VectorCalculus) :
S e t C o o r d i n a t e s ( ' c a r t e s i a n ' [ x [ 1 ] ,  x [ 2 ] ,  x [ 3 ] ] ) ;

cartesian

BasisFormat( fa lse) ;
true

f  : =  x  - >  e x p ( x [ 1 ]  *  x [ 2 ] )  *  a r c t a n ( x [ 2 ]  *  x [ 3 ] ) ;

(a)
d f  : =  x  - >  <  d i f f ( f ( x ) ,  x [ 1 ] ) ,  d i f f ( f ( x ) ,  x [ 2 ] ) ,  d i f f ( f ( x ) ,  x
[ 3 ] )  > ;
g r  : =  G r a d i e n t ( f ( x ) ,  [  x [ 1 ] ,  x [ 2 ] ,  x [ 3 ]  ] ) ;
#  T e s t
V e c t o r F i e l d ( d f ( x ) )  -  g r ;

d 2 f  : =  x  - >  <  <  d i f f ( f ( x ) ,  x [ 1 ] $ 2 ) ,      d i f f ( f ( x ) ,  x [ 2 ] ,  x [ 1 ] ) ,
d i f f ( f ( x ) ,  x [ 3 ] ,  x [ 1 ] )  >  |



(4.7)(4.7)

>  >  

>  >  

>  >  

(3.3)(3.3)

(4.5)(4.5)

>  >  

(3.14)(3.14)

>  >  

>  >  

(3.6)(3.6)

>  >  

(2.3)(2.3)

(4.6)(4.6)

>  >  

>  >  

(1.6)(1.6)

              <  d i f f ( f ( x ) ,  x [ 1 ] ,  x [ 2 ] ) ,  d i f f ( f ( x ) ,  x [ 2 ] $ 2 ) ,     
d i f f ( f ( x ) ,  x [ 3 ] ,  x [ 2 ] )  >  |
              <  d i f f ( f ( x ) ,  x [ 1 ] ,  x [ 3 ] ) ,  d i f f ( f ( x ) ,  x [ 2 ] ,  x [ 3 ] ) ,
d i f f ( f ( x ) ,  x [ 3 ] $ 2 )      >  > ;
H  : =  H e s s i a n ( f ( x ) ,  [  x [ 1 ] ,  x [ 2 ] ,  x [ 3 ]  ] ) ;
#  T e s t
d 2 f ( x )  -  H ;

(b)
r  : =  ( s ,  x )  - >  f ( < x [ 1 ] ,  x [ 2 ] ,  x [ 3 ] >  +  < 1 ,  1 ,  1 >  *  s ) ;

r a  : =  u n a p p l y ( e v a l ( d i f f ( r ( s ,  x ) ,  s ) ,  s  =  0 ) ,  x ) ;



>  >  

(4.8)(4.8)

(4.10)(4.10)

(3.3)(3.3)

(4.5)(4.5)

>  >  

(3.14)(3.14)

>  >  

>  >  

(3.6)(3.6)

>  >  
>  >  

>  >  

>  >  

(4.9)(4.9)

(2.3)(2.3)

>  >  

>  >  

(4.11)(4.11)

(1.6)(1.6)

#  A l t e r n a t i v e  D e f i n i t i o n
r a _ G r a d  : =  g r  .  < 1 , 1 , 1 > ;

#  T e s t
s i m p l i f y ( r a _ G r a d  -  r a ( x ) ) ;

0

(c)
p o i n t s  : =  < 0 ,  1 ,  0 > ,  < 1 ,  1 ,  1 > ;

s e q ( p r i n t ( r a ( p ) ) ,  p  i n  p o i n t s ) ;
1


