Computergestuetzte Mathematik zur Analysis
Lektion 11 (14. Januar)

YGradienten und Vektorfelder

| > restart:
> wi th(VectorCal cul us):
> Basi sFormat (f al se);
i true (1.1)
> f . a*X/\2 + b*yAZ + C*ZAZ;
i f::axz-l—b)?—l—cz2 (1.2)
> gr = Gadient(f, [x, vy, 2]);
2ax
gri=|2by (1.3)
2cz
[ > gr . <b*y, -a*x, 0>
i 0 (1.4)
> vf := VectorField(<b*y, -a*x, 0>, cartesian[Xx,y,z]);
by
Vvii=1| -ax (1.5)
0
B gr . vf; # Skal ar produkt
il 0 (1.6)

YZeichnungen von Vektorfeldern

> restart:
> W t h(Vect orCal cul us):
> Basi sFormat (fal se);

true (2.1)
> vfl := VectorField(<-y, x> cartesian[x,y]);
vf2 := VectorField(<x, y> cartesian[x,vy]);
vf3 := VectorField(<y, x> cartesian[x,y]);




Vfl =

Vf2:

(2.2)

[> wi th(plots):
> fieldplot(vfl, x =-1 .. 1, y =-1 .. 1, thickness = 2);

[> fieldplot(vf2, x=-1..1,y=1..1,thickness=2):




NNANANANANANANNX\\Vv v 170777777
NNANANANANANANNNYY Y7777 /77
NNANANANANANA\SY\NXNWYW1v1vr 27777777
NNANANANANANANANXWYWY Y Y77 777 /77
NANNANANANNANNNNYYYYV?YVVP7 /S
~~NSNASNSNAANXOX v v s
CNNNNNNN NV S
VT T TN N N N N N N V2 e s ”SS
1T T T 2057 0 ST T T TT
’((”’flll\\\\\xNNNNN
™ & & S 2 2 0 VNN N SN SN S NN NN
& 7 7 TV VN N NN NN NN
Frs sz s Al v VNN NN NN
s 77 7 7 /2 2 7 1 TV V VNV N NN NN N
s 7 777 /7700 1V VAV N NNNNNN
777777000 1V VVNYNNNNNN
77777700 1V VVNYNNNYNNN
/7777770 1-1HV VNV VNN NN\

[> fieldplot(vf3,x=-1..1,y=-1..1, t hi ckness=2):




;> wi t h( Li near Al gebra):
> vf2 = vf2/ Norn(vf2,

[ > fieldplot(vf2, x =
sgqrt(x”"2 + y"2));

2);

Vf2:=

-1 ..

VX +
VNI

1, v =-1..

1,

t hi ckness

2,

col or

(2.3)
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=> k :=-1/sqgrt(x*"2 + (y-1)"2 + 1) + 1/sqgrt((x-1)"2 + (y+1)"2 + 1)
+ 1/sqgrt((x+1)"2 + (y+1)"2 + 1);
ki= - ! (2.4)
VE+(y-D"+1  J(x=D*+(y+1)°+1
N 1
i JXx+1) + (y+1)7+1
[> gr := Gradient(k, [x,y]):
gri= X _1 2x=2 (2.5)
P+ (y=1)02+1)""" 2 (k=12 +y+1)2+1)""°
1 2x+2
2(u+w+w+ﬁ+nm}
1 2y—2 1 2y+2
[2(£+wy—1ﬁ+1fﬁ 2 ((x=1)%+ (y+1)2+1)°"

1 2y+2 l
2 (x+1)2+ (y+1)2+1)°"°




axes = frane,

2.3,

X = -2 ..

> fieldplot(gr,

t hi ckness
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Di vergence(gr):

> divgr =

=none, col or =di vgr) ;

-2..2 ,y=-2..2,1ightnodel

> pl ot 3d(di vgr, x




X 1 2x—2
" H(x2+(y—1>2+1)3/2 2 (=1 + y+1)2+ 1) (20)
_1 2x+2
2 ux+1ﬁ+«y+1ﬁ+1ﬁﬂ}
1 2y—2 _1 2y+2
[2(£**V—1f+1fm 2 ((x=1)%+ (y+1)?+1)°"
2y+2

_1
2

|
=> f3 := fieldplot3d(gr3, x -2 .. 2, y=-2.3..2.3, z=-1.

| 1, color = black, grid = [10, 10, 20]):
> f3;

((x+1)°+(y+1)%+1)




2.3, shading = zhue,
nunpoi nts = 3000):

3

= -2

y

-2 2
pat chcont our, | i ght nrodel =none

X =

;= pl ot 3d(Kk,

style

> di splay({f3,

> pl 3

90,0]);

[_

orientation

axes = frane,

pl 3},




j> k3 :

= 1/sqgrt((x-1)"2 + y"2 + z"2 + 1) - 1/sqrt((x+1)"2 + y"2 +
z"2 + 1);
k3:= 1 . 1 2.7)
i Jx-1)°+y+7+1 Jx+1)°+y +7+1
[ > gr := Gadient(k3, [x,VY,2z]);
1 2x—2 +l 2Xx+2
2 (x=1)2+y+2+1)"° 2 (x+ 12+ +2+1)°°
y y
= (12421 24D (et 1241 24 29
B z n V4
(x=12+Y+72+1)"  (x+1)?+y+2+1)°"
=> fieldplot3d(gr, x = -1.5..1.5, y =-1.5..1.5, z -1.5..1.5

orientation = [65, 30], axes = boxed, thickness 2);
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[> restart:
| > wi th(VectorCal cul us):
| > Basi sFormat (fal se):
> F = <F1(x,y,z), F2(x,y, z)>;
F1 " Z
_ (X ¥ 2) (3.1)
F2(Xx, y, z)
> Jacobi an(F, [x,y,2]);
d 0 0
— FI(x,y,z) ——FI(x ¥, 2) — FI(x, ) 2)
0x ay 0z
3 5 3 (3.2)
— F2(x,y,z) —F2xy z) — F2X Y, z)
0x ay 0z
(> F3 .= <F[1], F[2], 0>




Fi(x, y, z)
F3:=| F2(x, y, 7) (3.3)

Jacobi an(F3, [x,y,z]);

0 0 0
— FI(x,y,z) ——FI(x Yy 2z) — FI(x, ) 2)
0x ay 0z

0 0 0
— F2(x, y,z) —F2(xy,z) — F2Xx Y, z) (3.4)
0x ay 0z

0 0 0

wi t h( Li near Al gebra):
jac := SubMatrix(% 1..2, 1..3);
d 0 0
— FI(x, ¥, z) —FI(x, ¥ 2) — FI(X, ), 2)
] 0x ay 0z
jac:= 3 3 3 (3.5)
— F2x,y,2z) —F2xy z) — F2AX Y, z)
0x ay 0z

F .= <x"2 + 2*X + 2 + y*2 - 2%y, X2 + 2*X - y"2 + 2*y, X*y - X
+y -1
ﬁ+12+2x—2y+2
Fi=| X -y +2x+2y (3.6)
Xy—x+y—1
Jacobi an(F, [Xx,y,z]);
2x+2 2y—-2 0
2x+2 -2y+2 0 (3.7)
y—1 x+1 O

J = SubMatrix(% 1..3, 1..2);

2x+2 2y-2
Ji=|2x+2 -2y+2 (3.8)
y—1 x+1
Rank(J); # Vorsicht fal sch
2 (3.9)
ReducedRowEchel onFor m(J) ;
(3.10)



2x+2 2y-=2
2x+2 -2y+2 (3.11)
y—1 x+1
J1 := RowOperation(J, [2_,1], -1); _
2x+2 2y-=2
J1:= 0 -4y+4 (3.12)
y—1 xX+1
J2 := RowOperation(Jl, [3,2]); _
2x+2 2y-=2
J2:=| y—1 X+ 1 (3.13)
0 -4y+4
J3 := RowOperation(J2, 1, y-1); # ausser fuer y =1
| (y—1) (2x+2) (y—1) (2y—2) |
J3:= y—1 x+1 (3.14)
0 -4y+4
J4 = RowOperation(J3, 2, 2*x+2); # ausser fuer x = -1;
| (y—1) (2x+2) (y—1) (2y—2) |
J4:=| (y—1) (2x+2) (x+1)(2x+2) (3.15)
0 -4y+4
RowQper ation(J4, [2,1], -1);
(y—1) (2x+2) (y—1) (2y-2)
0 (x+1) (2x+2)—(y—1) 2y—2) (3.16)
0 -4y+4

J5 = map(expand, % ;
2Xy—2Xx+2y—2 2y —4y+2

J5:= 0 2X —2)Y +4x+4y (3.17)
0 -4y+4
map(factor, J5);
2 (x+1) (y=1) 2 (y—1)°
0 2(y+x) (x+2-y) (3.18)

0 -4y+4



\ 4

\ 4

| den Extremfall
> subs(x = -1, y =1, J);

Hessematrix
f :R*n -->R
| > wi th(VectorCal cul us):
>f 1= (X, Yy, z) -> exp(x"2+y"2+7);
fi= (x,y, 2) e Y2 F2
> Hessian(f(x, vy, z), [x, vy, z]);

Zex2+y2+z+4x2ex2+y2+z 4xyex2+y2+z 2xex2+y2+z
4Xyex2+y2+z 2ex2+y2+z+4y2€x2+y2+z Zyex2+y2+z
erx2+y2+z zyex2+y2+z ex2+y2+z

> g = exp(x"2+y"2+z);
g.:ex2+y2+z
> Hessian(g, [X, Yy, z]); .
2 2 2 2 2 2 2 2

2 X +y +z+4XZex +y-+z 4xyex +y-+z 2 y e~ +ty-+z

4Xyex2+y2+z 2ex2+y2+z_|_4);ex2+y2+z Zyex2+y2+z
2 2 2 2 2 2
erX +ys+2z Zyex +y-+z eX +ys+2z

;> wi t h(Li near Al gebra):
> |sDefinite(subs([x =1, v =2, z = 1], (4.4));

true

L okale Extrema

;> restart;
[ > wi th(VectorCal culus): w th(LinearAl gebra):
> fi= -1/ 2*x"4 - x"N2*y"2- 1] 2*yM4+x"3- 3* x*y" 2,

f::—%x4—x2)/2—%y4+x3—3><);

[ > plot3d(f,x=-2..2,y=-2..2,view=1..1, styl e=pat chcontour);

Also ist fuer x <>-1 und y<>1 der Rang tatsaechlich 2. Wir testen

(3.19)

(4.1)

(4.2)

(4.3)

(4.4)

(4.5)

(5.1)



> g:=Gradient (f,[x,y]):
g:=(—2x3—2xf+3x2—3)})éx+(—2x2y—2y3—6xy)éy

(5.2)
=> H: =Hessi an(f, [ x, y]);
Hee —6x2—2);+6x -4xy—6y (5.3)
' 4xy—6y -2X¥—6)*—6x '
> sol ve(convert (g, set), {x,vy});
{x=0,y=0}, {x= % y=o}, {x= -%, y= % RootOf(_Zz—B)} (5.4)
=> L: =sol ve(convert (g, set),{x,y}, Explicit,DropMiul tiplicity);
o x— () v _3 ,_ _ .3 ,_3 _ .3 -
L-_ {X_O! y 0}1 {X 2 ) )’ 0}1 {X 4’)’ 4 \/?}1 {X 4’)’ (55)

147

(> HH @ = seq(subs(L[ k], H), k=1..4);



> IsDefinite(HH[_Z]); o
9 45 9 45
. 0 - = - = 3 _ =
00 2 4 4 3 4
M= 0 27 [ 9 27 9
0 - -=J3 - =3
2 4 3 4 4 V3
i false
> | sDefinite(HH 2], query=negative definite);
i true
> | sDefinite(HH 3], query=negative _definite);
true

Noch ein Beispiel

> f = (xM2+y-11)"2 + (x+y"2-7)"2;
i fi= (B 4+y—11)°+ (P +x-7)°
> plot3d(f,x=-5..5,y=-5..5); # H mel bl auf unkti on

Qﬁ-

4

27
4

(5.6)
(5.7)

(5.8)

(5.9)



| > Basi sFormat (fal se):
> g:=Gradient (f,[x,y]);

4(xX+y—11)x+2Y +2x—14

g:=
2X+2y—224+4 (Y +x—=7)y

(> H =map(factor, Hessi an(f, [x,y])):
12X +4y—42  4x+4y

4x+4y 12y +4x-26

> EnvAll Solutions := true;
_EnvAllSolutions:= true

> L: =sol ve([g[ 1] =0, g[ 2] =0] , {X, y}): 2
L:i={x=3,y=2)}, {x=-RootOf (2 +2 7 —-10_7Z-19)"+7,y

— RootOf(_Z2+2 _7—10_7—19) }, {x - % RootOf(_7 — 26 _7

—42 2 +1) +13RootOf (_7 —26 _7 —42 _Z +1)° + 21 RootOf (_7°

26 7242 _7+1),y-= % RootOf(_25—26_z3—42_22+1)}

=> AVL : = seq(allvalues(L[Kk]), k=1..3);

1/3
AVL:= {x=3, y=2}, [x=—[% (1268 + 12146303 )"
68 2)? 1 1/3
+ — —=| +7,y=— (1268 +121/6303)
/373 6
3 (1268 +121/6303 )
. 68 - _ﬂ x=-[-$(1268
3 (1268 +121/6303 )
1/3
+121/6303) - 34 -
3 (1268 +121/6303 )
1/3 2
_%Iﬁ[l (1268 + 1216303 )" - 08 1/3]j
6 3 (1268 +12146303 )
1/3
47 y=-— (1268 +121/6303) " — 34 2
12 /33
3 (1268 +121/6303 )

1/3
_%Iﬁ(% (1268 +121/6303 )" — o8 )1/3”’

3 (1268 +121/6303

(5.10)

(5.11)

(5.12)

(5.13)

(5.14)



1/3
[x=_ -%(12684—121\/6303) - 34 173
1 3 (1268 +121/6303 )

1/3
_2 +%Iﬁ[% (1268 + 12146303 )"’

3

68 2

3 (1268 +121/6303 )”3

1/3
- 34 - _§+%1\/?(%(1268+121\/6303)
3 (1268 +121/6303 )

- 08 G ]] {x — -1 Rootof(_7 26 _7

3 (1268 + 12146303 :
— 42 7241, index=1)" + 13 RootOf(_Z — 26 _ 78 — 42 _7> + 1, index

1/3
47, y= % (1268 +121J6303) "

—1)° 4+ 21 RootOf(_7° —26 _ 72 —42 _Z* +1, index=1), y

= % RootOf (_27> =26 _ 72 —42 _7* + 1, index=1) }, {x:

; % RootOf(_7° —26 _7 —42 _Z + 1, index = 2)* + 13 RootOf(_7°

26 72 —42_ 72+ 1, index=2)"+21 RootOf (_Z° —26 _7° —42 _7 +1,
index=2), y= % RootOf(_2> =26 _ 72 —42 _7* + 1, index=2) }, {x:

; % RootOf(_7° —26 _7 —42 _Z + 1, index = 3)* + 13 RootOf(_7°
_26_72 —42_Z4+1, index=3)" +21 RootOf (_Z° — 26 _7° —42 _7 +1,
index=3), y= % RootOf (_2> =26 _ 72 —42 _7* + 1, index=3) }, {x:

; % RootOf(_7° —26 _7 —42 _7 + 1, index = 4)* + 13 RootOf(_7°

26 72 —42_ 72+ 1, index=4)"+21 RootOf (_Z° —26 _7° —42 _7 +1,
index=4), y= % RootOf(_7> =26 _ 72 —42 _7* + 1, index = 4) }, {x =

; % RootOf(_7° —26 _7 —42 _Z + 1, index=5)" + 13 RootOf(_7°

26 72 —42_Z2+1, index=5)"+21 RootOf (_Z° —26 _7° —42 _7 +1,



index=5), y= % RootOf(_7° =26 _72 —42 _7* + 1, index = 5)}

=> seq(sinmplify(eval c(AVL[k])) , k=1..7);
{x=3,y=2}, {x— % + g 34 cos %arctan(i\/ 6303 ))

317
—%cos(%arctan(3i V6 )j = %
2 1 3
+ 3 34 COS( 3 arctan( 17 ))} {
+ 68 Cos(l arctan( 3 3 Vv 2101 )) (— arctan( \/?
9 3 317 317
Vv 2101 )j \/_ 34 sm(— arctan( 3 - \/_ 2101 ))
68 1
+ 9 Ccos 3 arctan \/_\/ 2101
4 1 2
9 34 COS(E arctan(g—\/?\/ZlOl)),y:—g
—|—l \/? 34 sin(% arctan( 317 \/—\/ 2101 ))
_ 1 34 Cos(l arctan( \/—\/ 2101 ))} { 43
3 3 317 9
_58 Cos(l arctan( \/—\/ 2101 )) \/?sin(l arc‘[an(i \/?
9 3 317 3 317
Vv 2101 )) — % \/? 34 sin(% arctan( 317 \/—\/ 2101 ))
+ 68 Cos(l arctan( \/—\/ 2101 ))
9 3 317
_4 34 Cos(larctan( \/—\/2101)),)/=—g
9 3 317 3
— l J3 /34 sin(% arctan( T, J3 /2101 ))
é 34 COS(% arctan( 317 J3 /2101 ))} { = —% RootOf(_7°

—26_722—42 _72 +1, index=1) (RootOf(_2 —26 _ 72 —42 _7* +1,

index=1)> — 26 RootOf(_Z° — 26 _7 —42 _Z + 1, index=1) —42), y
1

= RootOf (_Z> =26 _ 722 —42 _7* + 1, index=1) }, {x: —% RootOf(_2°

(5.15)



—26_72—42 _7 +1, index=2) (RootOf(_2> —26 _7* —42 _7* +1,
index=2)> — 26 RootOf(_Z° — 26 _7 — 42 _Z + 1, index=2) —42), y

- % RootOf(_Z — 26 _7* — 42 _Z + 1, index=2) } {x - % RootOf (_7°
—26_72—42 7 +1, index=13) (RootOf(_Z° —26 _72 —42 _7* +1,

index=3)> — 26 RootOf(_Z° — 26 _72 —42 _Z + 1, index=3) —42), y

_ % RootOf(_Z —26 7 — 42 _Z° + 1, index = 3)}

=> seq(sinmplify(eval c(subs(AVL[Kk],q))) , k=1..7);

ollol]lflollo][o]l]o]][o
1 3 1 3 1 3 (5-16)
olflol]|lol]lol|ol]o]|]|oO
> L1: =L[1];
i Ll:={x=3,y=2} (5.17)
> L2 := allvalues(L[2]);
1 1/3 68
L2 := kx= (5 (1268 +121/6303 )  + 73 (5.18)
3(1268 +121/6303 )
2 1/3
—2) 47 y=L (1268 +121y6303) " + 68
3 6 1/3
3 (1268 +121/6303 )

12

3
X = -(-L (1268 +12146303 )"

1/3

- 34 1/3—§—%I\/3 [%(1268—#121\/6303) /
3 (1268 +121,/6303)

2

1/3
o o8 1/3 +7’y=‘_1 (12684—121\/ 6303)/
12
3 (1268 +121/6303)
1/3
- 24 1,3—5—%1\/3 [%(1268+121\/6303) /
3 (1268 +121/6303)

1/3
- 08 1/3]}, [x:—(—%(1268+121\/6303) /
3 (1268 +121/6303 ) 1

~ 34 —g+%l\/?[

vER (1268 +121/6303)
3 (1268 +121/6303 )

1
6




2

1/3
N o8 1/3 +7,y=- L (12684—121\/ 6303) /
12
3 (1268 +121,/6303 )
1/3
- 34 1/3—§+%I\/3 (%(1268—#121\/6303) /
3 (1268 +121/6303)

B 68
i 3 (1268 +121,/6303 )”3]]
[ > L2[1] := {sinmplify(evalc(L2 [1][1])), sinmplify(evalc(L2 [1][2])

)},
> L2[2] := {simplify(evalc(L2 [2][1])), simplify(evalc(L2 [2][2])

L2, := [x= 29 + 8 33 Cos(l arctan(i V6303 J)

9 9 3 317

2
_ 136 Cos(l arctan(i V6303 )) VES _2

9 3 317 3

+ 2 34 Cos(l arc’[an(i v 6303 ))}

3 3 317

L2,:= [x= 43 (5.19)

9
68 1 3 (1 3
+ —— cos| — arctan| —— \/?\/ 2101 \/?sm 3 arctan 317 \/?

9 3 317

)
m)) +%\/? 34 sin(% arctan(i\/?m))
+@ Cos(l arc‘[an(i ﬁm)

9 3 317

—— V34 Cos(l arctan(i\/?\/ZIOI J),y: —%

9 3 317

+ % J3 /34 sin(% arctan(i J3 /2101 )j

317

1 3
3 34 COS( 3 arctan( 317 \/?\/ 2101 ))}

=> L2[3] := {sinmplify(evalc(L2 [2][1])), sinmplify(evalc(L2 [2][2])
)}

L2;:= [x: —% (5.20)
+ 68 cos(l arctan(i \/?\/ 2101 )) \/?sin(l arctan(i \/?
9 3 317 3 317

3 317

m)j +%\/? 34 sin(larctan(iﬂm))




+ @ COS(l arctan

9 3 (317

_4 34 Cos(l arctan

"9 3 (317FWJ),y=-§
+l\/? 34 sin(% arctan( T, \/—m))

1 1
~3 34 COS( 3 arctan( 317 \/?\/ 2101 ))}

=> L3 := eval f(allvalues(L[3]));
L3:= {x=3.385154184, y=0.07385187985}, {x=0.0866778, y (5.21)

=2.884254701}, {x=-3.073025752, y= -0.08135304430}, {x =
-0.27084459, y=-0.9230385565}, {x=-0.12796136, y =
-1.953714980}

=> subs(L[1],H);

J—m))

74 20
(5.22)
20 34
> 1 sDefinite((5.22):
i true (5.23)
> subs(L2[1],H);
59 8 1 3
12 4 — —— .
[ ( 9 9 3 COS( 3 arctan( 317 6303 )) (5.24)
2
136 1 3 2 13
9 cos( 3 arctan( 317 V6303 )) j 3
8 1 3 212
— 34 — t —— 6 —_—
+ 3 Cos(3 arc an( 317 303)), 9
56 1 3
il 4 _ =
+ 9 3 cos( 3 arctan( 317 6303 ))
544 1 3 2
9 COS( 3 arctan( 317 V6303 )) ],
212 56 1 3
== il 4 —
[ 9 + 9 3 COS( 3 arctan( 317 V6303 ))
544 1 2
9 COS( 3 arctan( 317 V6303 )) , ( 3
+ 2 34 Cos(l arc‘[an(i v 6303 ) : + 2
3 3 317 9

+ 32 34 cos(% arctan(i v 6303 ))

9



544 1 3 2
] 9 COS( 3 arctan( 317 Vv 6303 )) ”
> | sDefinite((5.24));
i true (5.25)
> subs(L2[2],H);

[12 ( 43 (5.26)
9
+ 68 Cos(l arctan( \/—\/ 2101 )) sm(— arctan( 3 \/?
9 3 317 317

m)j \/_ 34 sm(— arctan( 31 7 2101 ))
+ 68 Cos(l arctan( FW))

9 3
2
_ 4 1 134
9 34 COS( 3 arctan( 317 \/?\/ 2101 ))j 3
+%\/? 34 sin(% arctan( 317 \/—\/ 2101 )j

_ 4 33 Cos(l arctan( J3 /2101 )) 196
3 3 317
4272 cos(l arctan( J3 /2101 )j \/_sm(l arctan( 3 J3
9 3 317 3 317
J2101 )) + % J3 /34 sin(% arctan( T, J3 /2101 )j
272 1
+ 75 cos( 3 arctan( T, J3 /2101 )j
_ 28 133 Cos(l arctan( J3 /2101 )”
9 3 317
[_ 196
9
4272 cos(l arctan( J3 /2101 )j \/_sin(l aa‘ctaurl(i J3
9 3 317 3 317
J2101 )) + % J3 /34 sin(% arctan( T, J3 /2101 )j
272 1
—_— — 2101
+ 9 cos(3 arctan( 317 \/_\/ 0 )j
_ 28 133 Cos(l arctan( J3 /2101 )) ( 2
9 3 317 3



+ % \/? 34 sin(% arctan(

37 )
Y Cos(larctan \/—mj))z_‘L—%

3 3 (317 9

+ 272 Cos(l arctan \/_m)) \/_sm(% arctan( 337 V3
)

9 3 (317
Vv 2101 )) + 1?6 \/? 34 sin(% arctan(

272 (1

317

|
)

+ —— cos| - arctan
9 3 ( 317

16 1
34 -
9 COS( 3 arctan( 317

> | sDefinite((5.26)) :
true (5.27)

> subs(L2[3], H):

43
[12 ( 5 (5.28)

68 (1

+ —— cos| - arctan
9 3 ( 317

rm)j sm(—arctan( 3_/3

317

m)j \/_ 34 sm(— arctan( 31 7 2101 ))
+ 68 Cos(l arctan( FW))

9 3
2
_ 4 1 134
9 34 COS( 3 arctan(—317 \/?\/ 2101 ))j R
+%\/? 34 sin(% arctan( 317 \/—\/ 2101 )j

_ 4
3

+ & COS(l arctan

9 3 (317

Vv 2101 )) + % \/? 34 sin(l arctan

3 (317

)
o) |

34 cos ( 1 arctan

5 arctan( 37 V3 2101 ) ), - 52
\/_\/m)j\/_sm(%arctan(gri)?ﬁ
V32101

£2 = arct
+ 9 COS 3aI'C an( 317

28
9

272 (1

1
34 — arct
COS( 3 arc an( 317



[_ 196
9

+ & COS(l arctan

7 o e 53 7 207
m)) \/— 34 sm(—arctan(3 \/— 2101))
+%Cos(%arctan( 317 \/_m))
5 5 ) e
St
_ 1 34 Cos(larctan \/—WJ))Z—L%

) BSln(—arctan( 3 \/?

317

1
34 — arct
COS( 3 arc an( 317

+ % \/? 34 sin(% arctan(

9
3 3 (317 9

rm)) \/—sm(% arctan( 35‘;7 J3
J3 m))

+ & COS(l arctan

9 3 (317

Vv 2101 )) + 1?6 \/? 34 sin(% arctan(

317

|
)

+ & COS(l arctan

9 3 (317

_ 16 1
9 34 COS( 3 arctan( 317
I sDefinite((5.28));
true (5.29)

seq( |l sDefinite(subs(L3[k],H), query=negative_definite), k=1..5);
false, false, false, true, false (5.30)

seq(lsDefinite(subs(L3[k],H), query=positive definite), k=1..5);
false, false, false, false, false (5.31)

seq(lsDefinite(subs(L3[k],H), query=positive_sem definite), k=1.
. 5);
false, false, false, false, false (5.32)

seq(lsDefinite(subs(L3[k],H), query=negative_sem definite), k=1.
. 5);
false, false, false, true, false (5.33)

seq(lsDefinite(subs(L3[k],H,query=indefinite), k=1..5);
true, true, true, false, true (5.34)



