Computergestuetzte Mathematik zur Analysis

Lektion 12 (16. Januar)

|:> restart:

YExtrema unter Nebenbedingungen

[> with(plots):

[ > with(al gcurves):

> wi t h(VectorCal cul us):

| > Basi sFormat (fal se):

>g = xM" + yMM - 1
g:f+f—1

> NB := plot _real _curve(g, X, Vy);
NB:=PLOT(...)

> di splay(NB, scaling = constrained, thickness = 2);

(1.1)

(1.2)



0.5 1

11 -0.5 0] 0.5
-0.5
_> f :=x +vy;
i fi=x+Yy (1.3)
> Nf := seq(solve(f =k, y),k=-1..1);
Nfi=-1-%x -x1—x (1.4)

;> pl _NF:= plot([Nf], x =-1 .. 1, thickness = 2): # 1. Frage
> di splay({NB, pl _NF}, scaling = constrained);




> grad_g := Gadient(g, [x, Yy]);
grad_g:= 4x
4y’

> grad_f := Gadient(f, [x, y]);

grad_f:=

]

(> GLF : = grad f - lanbda*grad _g; # G adi ent Lagrangefunktion

4 +1
GLF:=
~Any +1
(> M ={sol ve({GLF[1] = 0, GLF[2] = 0, g = O}),{x,y, | anbda}}:
M:= {{x, x V), {x: -i (RootOf(_Z —_Z+1) —1) RootOf(_Z*

— RootOf(_Z* —_Z+1)), x= RootOf (_Z* — RootOf (_Z* — _Z+1)), y=

(1.5)

(1.6)

(1.7)

(1.8)



~RootOf (_Z* — RootOf(_Z — _Z+1)) RootOf(_Z2 — _Z+1) } {x

:%RootOf(2_24—1),x:RootOf(z_z“—l),y:RootOf(z_z“—l)H
> M = M1];
i ={\N X, V} (1.9)
> M = M2];

M2:= {x = -i (RootOf(_7Z* —_Z+1) — 1) RootOf(_Z* — RootOf (_7* —_Z  (1.10)
+1)), x=RootOf(_Z* = RootOf(_7* — _Z+1)), y= - RootOf(_Z*

— RootOf(_Z* — _Z+1)) RootOf (_Z2 — _Z+1) }

=> subs( M2, Xx);
RootOf (_Z* — RootOf (_Z* — _Z+1)) (1.11)

> al | val ues((1.11));
%\/21+2ﬁ,—%/—21—25,—%\/21+2 R Y ENNCET)
%/-21+zﬁ L o123 J 21+23 , - J21—2J?

> sinplify(eval ¢([(1.12)])):

L Eetreivzs-iuz - Lrseliz (1.13)
+i1ﬁﬁ+ilﬁ,—iﬁﬁ—iﬁ—ilﬁﬁJrilﬁ,
R Lt s R B S ER R F
— W2+ IV2, V2 3 - 2+ 2T+ 1T,
iR e R VPR R S VPSP
- W23 - 12

[Alle diese Loesungen haben einen nicht-verschwindenden Imaginaerteil. Zur
| Kontrolle

> eval f(% 2);
[0.954+0.251 -0.254+095] -0.95-0.25[ 0.25—-0.951,0.95—-0.25[ 0.25 (1.14)
+0.95L -0.95+0.25] -0.25 —0.951]

=> M3:= M 3];

(1.15)



M3 {x: % RootOf(2 _Z* —1), x = RootOf(2 _Z* — 1), y = RootOf (2 _7*

V V V V

_1)}

al | val ues(subs(MB, x));
1 23/4 1 123/4 1 2314 1 [23/4

2 2 2 2

sel ect(t -> not has(t, 1), {%);
1 ,3/4 1 3/4}
_ L p3/4 o
2 2

x1 = %1]; x2 := %4 2];

1 ,3/4
1:=--72
X 2

1 ,3/4
2:=—=2
Xes=5

al | val ues(subs(M3, y));
1 2314 1 [23/4 1 2314 1 [23/4

2 2 2 2

select(t -> not has(t, 1), {%);
1 53/4 123/4}

2 2
yl := %1]; y2 := %42],
1 ,3/4
Ii=--2
YREh
1 ,3/4
2:=—=2
Yem o
al | val ues(subs(M, |anbda));

1 3/4 1 .,3/4 1 .,3/4 1 ,.,3/4
= 220 =127 =22 =12
4 4 4 4

select(t -> not has(t, 1), {%);
1 03/4 123/4

4 4
| anbdal := %4 1]; lanbda2 := ®42]; # 2. Frage
1 ,3/4
Ali=-—2
4
1 ,3/4
Ai=—2
4
it :=1:for x in [x1, x2] do;

for y in [yl, y2] do;
for lanbda in [l anbdal, |anbda2] do;

print(it,x, y, lanmbda, G.F); it =it +1;

(1.15)

(1.16)

(1.17)

(1.18)

(1.19)

(1.20)

(1.21)

(1.22)

(1.23)

(1.24)



> od;
> od;
> od;
>x :="'x': y ="y lanbda : = 'l anbda':
1 ,3/4 1 .,3/4 1 ,3/4 0
1, -= 2707, - =277 - = 2777
2 2 4 0
1 ,3/4 1 ,3/4 1 ,3/4 2
2, -— 2717 - =277 = 27%
2 2 4 2
3, _123/4’ 123/4’ _123/4’ 0
2 2 4 2
4 1 23/4’ 1 23/4’ 1 23/4’ 2
2 2 4 0
5, 123/4’ _123/4’ _123/4’ 2
2 2 4 0
1 ,3/4 1 ,3/4 1 ,3/4 0
6, — 2°77% - =277 = 277
2 2 4 2
1 ,3/4 1 ,3/4 1 ,3/4 2
7, = 2707, = 2707 - = 2°%
2 4 2
1 ,3/4 1 ,3/4 1 ,3/4 0
8, = 2°7% = 2707 = 277
2 2 4 0

> punktl := {x = x1, y = yl, lanbda = | anbdal};
punktl := {k:—l23/4,x:—123/4,y:—l23/4}

4 2 2
> punkt2 := {x = x2, y = y2, lanbda = | anbda2};
_ 1 3/4 1 ,3/4 1 3/4}
kt2:={A=—2"""x==-2""y==2
] pun { 1 X > y >
Test

> subs(punktl, g);

(1.25)

(1.26)

(1.27)

(1.28)



> subs(punkt?2, 9);

i 0 (1.29)
> H : = Hessi an[ Vect or Cal cul us] (f-1anmbda*g, [ X,Vy]);
. “120% 0 (1.30
' 0 -122) '
B subs(punkt1, H);
324 0
(1.32)
0o 32'4

Also haben wir hier ein Minimum (Achtung: Fuer das Minimum muss nur ein Teil
der Hessematrix positiv definit sein

-> Optimierung

> subs(punkt 2, H) ;

-32M% 0
" (1.32)
o -32Y

EJnd hier ein Maximum
> wert = subs(punktl, f);
i wert:= -23/4 (1.33)
> solve(f = wert, vy);
i S23M4 (1.34)
[ > pl _NFs :=plot(% x =-1.2 .. .1, thickness = 2):

> di splay({NB, pl _NFs}, scaling = constrained);




.

> gp

> gp;

[u Y

0.5 1

f=X+V+27

= XN2 + 2¥yN2 - zZnh2 - 1,

g;¥+2f—f—1

;> wi th(plots):

= inplicitplot3d(g, x=-2..2, y=-2..

pat chcont our, shadi ng = zhue, scaling
boxed, nunpoints = 5000):

21

constrai ned,

YExtrema unter Nebenbedingungen in 3D
D =X 24yN2+272;  # 3. Frage

z=-2..2, style

axes

(2.1)

(2.2)



1.5, z= -1.5..1.5, style = patchnogrid, color = bl ack,
| transparency = .8, nunpoi nt s=6000) :
> di splay({Nf 302, gp},scaling = constrained);

(> Nf302 := inplicitplot3d(f=1.5 x = -1.5 .. 1.5, y = -1.5 ..



1_
z 0
-1—
—2_"'--..,1
-7
(> grad f := Gradient(f, [x,v,2]);
2 X
grad_f:=| 2y (2.3)
227
> grad_g := Gradient(g, [x, vy, z]);
2 X
grad_g:=| 4y (2.4)
-2z
(> GLF := grad_f - |anmbda*grad_g:
-2AXx+2x
GLF:=| -4LAy+2y (2.5)
2 Nz+2 2z

> Lsg ;= solve({GLF[1] = 0, GLF[2] = 0, GLF[3] = 0, g = 0}, {x,




y, z, |anbda});

Lsg:={A=1,x=1,y=0,z=0}, {A=1,x=-1,y=0, z= 0}, h=%,x=0,y (2.6)

= RootOf(2 _7*—1), z=0}, {A=-1,x=0, y=0, z= RootOf (_Z* +1) }

> al | val ues(Lsg[4]):
{A=-1,x=0,y=0,z=1}, {A=-1,x=0,y=0, z= -1} 2.7)
Loesungen sind imaginaer
> Gl := Lsg[1l]; & := Lsg[2]; &3:=allvalues(Lsg[3]);
Gl:={A=1,x=1,y=0,z=0}
2:={A=1,x="-1, y=0 z=0}

G3:= 7\,=% y=—\/—z 0}{ =§x Oy———\/—z 0 (2.8)

(> f1 := subs(Gl, f); gl:=subs(Gl, g);

fl:=1
i gl:=0 (2.9)
> f2 .= subs(@&, f); g2:=subs(&,9);

f2:=1
i g2:=0 (2.10)
> wertl2 = f1;
i wertl2:=1 (2.11)
>bpalll :=inmplicitplot3d(f-wertl2, x = -1 .. 1, yv = -1..1, z=-1.

| .1, style = patchnogrid, color = black, transparency=0.2):
> di splay({gp, ball1l}, scaling = constrained);




B f3:=subs(@&[1],f);

3= L (2.12)
i 2
> f4:=subs(&3[2],f);
4= L (2.13)
2
> ball2 :=inmplicitplot3d(f-1/2, x =-1 .. 1, y =-1..1, z=-1..1

| style = patchnogrid, color = black, transparency=0.2):
> di splay({gp, ball?2}, scaling = constrained, orientation = [-30,
33]);




\ 4

Zeichenkettenverarbeitung und
Plotverschoenerung

[> restart:
> for j froml to 3 do;
> a[j] :="Zeile Numrer "||j;
| > od:
> a[3];

"Zeile Nummer 3"
>z = "Zeile Numer ";

z:="Zeile Nummer "
> z| | 24;

z24

> "t | 2| | 24;

"Zeile Nummer 24"
> cat(z,24); # Verwenden sie statt || besser cat

"Zeile Nummer 24"

(3.1)
(3.2)
(3.3)
(3.4)

(3.5)



V V V V

V V V V

for j from2 to 5 do;
Lsg : = solve(x?j =1, x):
print(Lsg[j-1]);
od:
1
1 1
-——=1J3
2 2 V3
I
-iﬁ—i—ilﬁh—ﬁ (3.6)
for j from2 to 5 do;
Lsg : = solve(x?"j =1, x):
print(cat(j,"te Ei nheitswuirzel:"), (Lsg[j-1]));
od:

2te Einheitswurzel:, 1

SMEMMﬂmmmdgvl—%1J§

2
4te Einheitswurzel:, 1
5te Einheitswurzel;, -i J5 - i _ i V2 J5-J5 (3.7)
f .=x"2 - 1/2;
fi= X — 1 (3.8)
2
convert (f, string);
"xN2-1/2" (3.9
Beschrei bung : = "Graph von "||(convert(f, string));
Beschreibung := "Graph von xA2-1/2" (3.10)

plot(f, x =-1 .. 1, title = Beschrei bung, thickness = 2);



Graph von xA2-1/2

0.4

0.2

-1 1
(> Font := [TIMES, ROVAN, 24]:
Font:= [ TIMES, ROMAN, 24 ] (3.11)
> plot(f, x =-1 .. 1, title = Beschrei bung, font = Font,
t hi ckness = 2);




Graph von xA2-1/2
0.4/

0.2]

[> Beschr ei bung2

cat ( Beschrei bung,” und i hrer Ableitung");
i Beschreibung?2 := "Graph von xA2-1/2 und ihrer Ableitung"

> Optionen :=title = Beschrei bung2,
Font, labels = [Xx,Yy],

(3.12)
font = Font, titlefont =
t hi ckness = 2;
Optionen := title = "Graph von xA2-1/2 und ihrer Ableitung", font = [ TIMES, (3.13)
i ROMAN, 24], titlefont = [ TIMES, ROMAN, 24], labels = [ x, y], thickness = 2
[ > pl1:= plot([f, diff(f, x)], x =-1 ..
> pl 1;

1, Optionen):




Graph von xA2-1/2 und
ihrer Ableitung

[> with(plots):

>t1 :=textplot([-.8, .2, "f"], align = {ABOVE, RI GHT}, font =
| Font):

> display({pl 1, t1});




Graph von xA2-1/2 und
ihrer Ableitung

(> position := -.6, subs(x = -.6, diff(f,x)):

i position:= -0.6, -1.2 (3.14)
>t2 :=textplot([position, "f'"], align = {BELOW RIGHT}, font =
| Font):

> display({pl1l, t1, t2}, font = Font);




Graph von xA2-1/2 und
ihrer Ableitung

(> t3 : = textplot3d([1, O, 1, "Text schwebt im Raunf], font =
Font, color = green):

(> x @ = r*cos(theta);

X:=rcos(0) (3.15)
B y :=r*sin(theta);

y:=rsin(0) (3.16)
(> f = sqrt(1 - r~2) * (1 - sin(12*theta)/10):

fi=V-r+1 (1—%03111(129)) (3.17)
> pl2 := plot3d([x, vy, f], r =0 .. 1, theta =0 .. 2*Pi,
i ghtnodel = light4, shading = zgrayscale, grid = [10, 200],

| style = patchcontour):
> display(pl 2, t3);




| > dateinane := "test":

| > plotsetup(gif, plotoutput
| > display(pl2, t3);

| > pl ot set up(w ndow) ;

| > display(pl2, t3);

= dat ei nane) ;



