Computergestuetzte Mathematik zur Analysis
Lektion 10 (19. Dezember)

|:> restart: with(plots):

Y Partielle Ableitungen
_> f = exp(x);

] fi=e"
> df = Diff(f, x);
d x
df:= —
i r dxe
> val ue(df);
> g .= exp(a*x + b*y + c*z);
g::eax+by+cz

> dg := Diff(g, x); )
dg' ieax—kby—kcz

> val ue(dg);

aeax+ by+cz

> d123g := Diff(g, x, vy, y, z$3):
> val ue(d1239);
abZCSeax+by+cz

> h :=(x, y, z) ->sin(a*x + b*y + c*z);

h:=(x,y, z)>sin(ax+by+cz)
> D 2] (h);

(x,y, z)—>cos(ax+by+cz)b

> D1, 2, 2, 3%3](h);

(x, z)—>—sin(ax+by+cz)alazc3
> f 1= (x, y) ->sin(sqrt(x"2 + y"2)) * ((x-1/4)"2-(y-1/3)"2);

fim s ) (= 1) = (5= 1Y)

4 3

cont our s=30, shadi ng = zhue):
> di splay(pl, orientation=[-40, 50]);

(1.1)

(1.2)

(1.3)

(1.4)

(1.5)

(1.6)

1.7)

(1.8)

(1.9)

(1.10)

(1.11)

> pl := plot3d(f-.05, -2 .. 2, -2 .. 2, style = surfacecontour,



> y schnittkurve := [t, vy, f(t, y), y = -2..2]:

2 2
aydeF+f)(@—%)—(y—%)}y:-zz] (1.12)
=> tangente := f(1/2,-1) + D[2](f)(1/2,-1) + D2](f)(1/2,-1)*y:
> plot([[y,f(1/2,y),y=-2..2],[y,tangente,y=-2..0]], color=
[ bl ack, red], thickness = 3);

y_schnittkurve :=




_> y_schnitte : =spacecurve({seq(y_schnittkurve, t=-2..2,1/2)},
col or = bl ack, thickness = 2);
y_schnitte := PLOT3D(...) (1.13)

_> di spl ay([ pl,y_schnitte],orientation=[-40,50]);




(> p=<3/2, -1, f(-3/2, -1)>;

23
2
pi= -1 (114)
185 . (1
44 sm(2\/13)
(> Dy 1= D2](f)(-3/2, -1);
Dy:z—ﬁcos(l\/B)\/lS +§sin(l\/13) (1.15)
i 936 2 3 2
> y_tan :=p + t.<0, 1, Dy>;
0
1
y_tan:=t. (1.16)

185 cos(%\/ 13 ) V13 +§ sin(%\/ 13)




23

2

+ -1

185 . (1
44 sul(z JIlBJ

>y tan = sinplify(y_tan);

[Error. (in iroot) powering may produce overfl ow

> y tan_pl := spacecurve(convert(y_tan, list), t =-1 .. 3/2,
color = red, thickness = 3):

[Error. (in plots/spacecurv) inproper op or subscript selector

> display({pl,y_schnitte,y tan_pl}, orientation=[-40,50]);

Error in plots:-display) expectin | ot structures but

[ received: {y tan pl}

> grad := <D 1](f)(-3/2,-1),D02](f)(-3/2,-1)> ngrad := norm
(grad, 2): dgrad:= sinplify(grad/ ngrad):

—l§§am(lJig)JT§—~gsm(lJT§)_

624 2 2
grad:=
—% COS(%\/ 13)\/13 +§sin(%\/ 13)

_>-grad_tan » = p+t.<dgrad[ 1], dgrad[ 2], ngrad>;

oo (3105375 5 210 3,75/
(omsscon{ 75
s e . T7) T .5 s |
{2 (3 15) 152w .75 /
(omsscon{ 75

1/2
+ 3578640 Cos(% J13 ) /13 sin(% /13 ) + 67848768) ]

({3 ) w5

2 |

1/2

8% o 15) 5+ s )

936 % 2 2

(1.17)

(1.18)



23

2

+ -1

185 1
44 sm(2 \/IBJ

_> grad_tan := sinplify(grad_tan);

grad_tan:= (1.19)

2
% [(—62064743 Cos(%\/lE})

\/_j\/_sm( \/_)+67848768j1/2

+ 3578640 Cos( .

+370 tcos(% J13 ) J13 +4368 tsin(% /13 )]/
1 2
(-62064743 cos(?/lzs)

1/2
+357864Ocos(2\/ )\/ sm( /13 j+67848768) }

1 2
(—62064743 cos(E m)
+357864Ocos(2\/_j\/_sm( \/_)+67848768j1/2
+370tcos(2\/_)\/_ 4992t51n(2m)]/

2
(—62064743 Cos(% /13 )



+3578640cos(%\/_j\/_sm( \/_)+67848768)1/2],
15

144 2

1 1 2
+_1872 ( 62064743cos(2\/13)

+357864Ocos(2\/_j\/_sm( \/_)+67848768 ”
t

_>»grad_tan_pl : =spacecurve(convert(grad_tan, list),
3/2, color = blue, thickness = 3):

_>»display({pl,y_schnitte,grad_tan_pl}, orientation=[90, 00]);

Y Ableitungen von Vektorfunktionen

[> restart:

=-1..



> v = <t, t"2, t"3>;

t
vi=| £ (2.1)
r
(> diff(v, t):
[Error. non-algebraic expressions cannot be differentiated
> with(VectorCalculus):
> diff(v, t);
e,t+2te,+3 tzez (2.2)
_> Basi sFor mat (f al se) ;
i true (2.3)
> dv (= diff(v, t);
1
dvi=| 2t (2.4)
3

[> with(plots):
> spacecurve(v, t = -3 .. 3,thickness=3);




Y M oebiusband

;> restart: with(plots):
> M:= <cos(t)*(1 + s*cos(t/2)), sin(t)*(1l+s*cos(t/2)), s*sin

(t/12)>;
pl:= plot3d(M t =0 .. Pi, s=1/2..0,col or=bl ue);
p2:= plot3d(M t =0 .. Pi, s=0..1/2,color=red);

spacecur ve(subs(s=1/2+0. 02, convert(MIlist)),t=0..Pi,
col or=coral , t hi ckness=5);
di spl ay({p1, p2, p3});

_cos(t) (1 +SCOS( tj) |

1
2
M:=| sin(t) (1 +SCOS(% t))

(1
-t
Ssm(2 )




_> Seel e : = subs(s = 0,

;> w t h( Vect or Cal cul us):
> Basi sFormat (fal se);

> M :=diff(Seele, t);

pl:=PLOT3D(...)
p2:= PLOT3D(...)
p3:=PLOT3D(...)

M;
cos(t)
Seele:= | sin(t)
0
true
-sin(t)
Mt:=| cos(t)

(3.1)

(3.2)

(3.3)



> M = diff(M s);

cos (1) COS(% t)
1

Ms:= sin(t)cos( t) (3.4)

2
(1
sin| — t
2
> w t h(Li near Al gebra):
> Normal e : = CrossPr_oduct(I\/B, M);

—sin( ) cos(t)

Normale := - Sin( ) sin(t) (3.5)

1,
2
1,
2
2 2 1

cos (1) COS( )+Sll’1 t) COS(E t)

> pll :=plot3d(M t =0 .. 2*Pi, s =-1/3 .. 1/3, grid = [60,
5], color = red):

> Ei nheitsNormal e : = sinplify(Nornmal e/ Nornm Nornmale, 2))
assumng t::real:

> Ei nhei t sNormal e[ 1] ;

—sin(lt) (ZCOS(lI)Z—l) (3.6)
i 2 2
> flaeche := convert(Seele + s*EinheitsNormale, list);
2
flaeche := | cos(t) —Ssin(% t) (2 cos(% t) — 1), sin(t) (3.7)

(1 . 1
— — t), —
Ssm(2 )sm( ) S(:os(2 )

> pl2 = plot3d(flaeche, t =0.. 2*Pi, s =0.. .4, color = s,
nunpoi nts = 3000, style = patchnogrid):

> wi th(plots):

> display({pll, pl2}, orientation = [-78, -159]);



\ 4

Gradienten und Vektorfelder

> restart:
> w t h(VectorCal cul us):

> Basi sFormat (fal se);
true

> f 1= a*x"2 + b*y”"2 + c*z"2;
fi=axX’+by +c7
> gr = Gradient(f, [x, y, z]);
2ax
gri=|2by
2cz
> gr . <b*y, -a*x, 0>;
0

> vf := VectorField(<b*y, -a*x, 0> cartesian[Xx,Vy,z]);

(4.1)

(4.2)

(4.3)

(4.4)



by
Vii=| -ax (4.5)
0

> gr . vf; # Skal ar produkt

0 (4.6)

Y Zeichnungen von Vektorfeldern

> restart:
> w t h(VectorCal cul us):
> Basi sFormat (f al se);

i true (5.1)
> vfl := VectorField(<-y, x> cartesian[x,y]);
vi2 := VectorField(<x, y> cartesian[x,Vy]);
vi3 := VectorField(<y, x> cartesian[x,Vy]);
Vfl = _
X
™
Vf2:=
_y_
Vf3:= Y (5.2)
X
[> with(plots):
> fieldplot(vfl, x =-1 .. 1, y =-1 .. 1, thickness = 2);
[ Error. (in plots/fieldplot) powering may produce overfl ow
> fieldplot(vf2, x=-1..1,y=-1..1,thickness=2);
[ Error. (in plots/fieldplot) powering may produce overfl ow
> fieldplot(vf3,x=-1..1,y=-1..1,thi ckness=2);
[ Error. (in plots/fieldplot) powering may produce overfl ow
| > with(Linear Al gebra):
> vf2 = vf2/Normvf2, 2);
X
[o2 2
X"+
Vf2:= X"+ (5.3)
y
R

> fieldplot(vf2, x =-1 .. 1, y =-1 .. 1, thickness = 2, color
= sqgrt(x"2 + y"2));

[ Error., (in plots/fieldplot) powering may produce overfl ow

>k = -1/sqrt(x*"2 + (y-1)"2 + 1) + 1/sqrt((x-1)"2 + (y+1)"2 +




1) + 1/sqrt((x+1)72 + (y+1)72 + 1)

4 (R+2x+34+2y)°"°

[ > pl ot 3d(di vgr, x=-2..2 ,y=-2.

_ 1 + 1 (5.4)
UXHY =2y+2 X -2x+3+y+2y
1
i UX+2X+3+4Y +2y
> gr = Gadient(k, [X,¥]);
X 1 2Xx—2
gr.= - = (5.5)
(xz-l—yZ—Z)/-l—Z)3/2 2 (x2—2x—|—3—|ry2—|—2y)3/'2
1 2Xx+2
2 (R42x+3+y+2y)°"°
[l 2y—2 1 2y+2
2 (B4 —2y+2)°" 2 (R—2x+342+2))°"°
1 2y+2
i 2 (B 42x434+V+2y)°"°
> fieldplot(gr, x =-2 .. 2, y =-2.3.. 2.3, axes = frane,
t hi ckness = 2);
[ Error. (in plots/fieldplot) powering may produce overflow
> divgr :=Divergence(gr);
divgr:= - 3x + 2 (5.6)
(+yr—2y+2)’" (B —2y+2)?
L3 (2x—2)° B 2
4 (R-2x+3+Y 429" (B—2x+3+Y+2y)°°
3 (2x+2)° 2
T 5/2 (2 3/2
(X +2x+3+y+2Y) (X +2X+3+)y+2V)
3 (2y—2)° L3 (2y+2)°
4 (R4 —2y+2)°7 4 (B-2x+3+Y+2y)°°
L3 (2y+2)°

. 2);



> gr3 := Gadient(k, [x,vy,2]);
X 1 2X—2

gr3:.= - = (5.7)
(E+y—2y+2)°% 2 (Z—2x+3+)2+2))°"°
1 2 x+2 l
2 (R42x+3+y+2y)°""
[l 2y—2 1 2y+2
2 (B4 —2y+2)7" 2 (R—2x+3+y2+2y)°0°

1 2y+2
2 (X4+2x4+3+Y+2Y)

|
[> 3 := fieldplot3d(gr3, x

| . 1, color = black, grid
> f3;

3/2

2., 2 y=-23..23 2z=-1
[10, 10, 20]):
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shadi ng =

2.3,

nunpoi nts = 3000):

-2

pl ot 3d(k, X
styl e = patchcontour,

> di splay({f3,

> pl3
zhue,

orientation = [-90,0]);

axes = frane,

pl 3},




(> k3 := 1/sqgrt((x-1)"2 + y"2 + z"2 + 1) - 1/sqrt((x+1)"2 + y"2
+ z"2 + 1);

k3= 1 - 1 (5.8)
I X =2x424+V+7 X +2x+2+yV +7

> gr 1= Gadient(k3, [x,y,2]);

_l 2X—2 _|_l 2X+2
2 (R—2x+24+2)7 2 (Riox+24y+2)°
. - )4 y
gr:= (%—2x+2+ﬁ+z%w2+(£+2X+2+%+J%w2 (5.9)
B} z N p
(¥ —2x+2+Y+2)""  (Erax+2+y+A)

> fieldplot3d(gr, x = -1.5..1.5, y = -1.5..1.5,

z -1.5..1.5,
orientation = [65, 30], axes = boxed, thickness 2);
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Y Divergenz und Rotation

> wi th(VectorCal culus):
| > Set Coordi nates(cartesian[x, y, z]):
> Basi sFormat (fal se);
false

_> F := VectorField(<x*y,-y*z, z*z>);

Xy
F:=| -yz
z
=> Di vergence(F);
y+z
=> Di ver gence(gzer adient(h(x, y, 2)));

&h(x’y’z)—i_% h(x,y,z)—i—% h(x, v, z)

(5.1.1)

(5.1.2)

(5.1.3)

(5.1.4)



> Lapl acian(h(x, vy, z));
2

il h(x, vy, z) + il h(x, y, z) + kil h(x, y, z) (5.1.5)
i X )% 07
> E:= VectorFi el d(<a(x,y,z),b(x,y,z),c(x,y,2z)>);
ax, y, z)
E:=| b(x,y, z) (5.1.6)
c(x ¥, 2)

> Curl (E); # Rotation Gadient X E

-%d&xm—(%bMMZﬂ
51M&Mzr—ﬂgd&MZﬂ (5.1.7)
0z 0x
E%M&Mm—(%aMMZﬂ
__>_Curl (gr);
0
0 (5.10)
0
=> vf = VectorField(<y+z*y,-x-z*x,x*y*z> cartesian[x,vy, z]);
ytyz
Vfi=| -x—zx (5.11)
Xyz

> fieldplot3d(vf,x=-1..1,y=-1..1,2=-1..1, t hi ckness=3):
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> curl (vf);

ZX+ X
y—yz
-2—2z

(5.12)

1,z=-1..1);

=- 1.

> fieldplot3d(Curl (vf),x=-1..1,y
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¥ Jacobimatrix
[> restart:
| > with(VectorCal culus):
| > Basi sFormat (fal se):
> F .= <F1(x,Yy,z), F2(x,y, z)>;
F1 " Z
_ (X ¥, 2) (6.1)
F2(x, y, z)
> Jacobi an(F, [x,vy,2]);
0 0 0
— FI(x,y,z) ——FI(x ¥, 2) — FI(x, ) 2)
0x ay 0z
3 3 3 (6.2)
— F2(x,y,z) —F2X Yy z) — F2X Y 2)
0x ay 0z
(> F3 := <F[1], F[2], 0>:




Fi(x, y, z)
F3:=| F2(x, y, 7) (6.3)
0

Jacobi an(F3, [x,VY,2z]);

[0 0 0

— FI(x,y,z) ——FI(x Yy 2z) — FI(x, ) 2)
0x ay 0z

0 0 0
— F2(x, y,z) —F2(xy,z) — F2Xx Y, z) (6.4)
0x ay 0z

0 0 0

wi t h( Li near Al gebra):
jac := SubMatrix(%® 1..2, 1..3);
d 0 0
— FI(x,y,2) —Fl(xy,2) — Fl(x Y 2)
. ox oy 0z
jac:= 3 3 3 (6.5)
— F2(x,v,z) —F2x, ¥ 2) — F2X Y, 2)
0x ay 0z

F .= <x"2 + 2*X + 2 + y"2 - 2%y, X"2 + 2*x - y"2 + 2*y, x*y -
X +y -1
¥+2x+2+f—2y
Fi=| X¥+2x—)y+2y (6.6)
Xy—x+y—1
Jacobi an(F, [Xx,y,z]);
2x+2 2y—-2 0
2x+2 -2y+2 0 (6.7)
y—1 x+1 O
J = SubMatrix(% 1..3, 1..2);

2x+2 2y-2
Ji=|2x+2 -2y+2 (6.8)
y—1 x+1
Rank(J); # Vorsicht falsch
2 (6.9)
ReducedRowEchel onFor m( J) ;
(6.10)



J;

2x+2 2y-=2
2x+2 -2y+2 (6.11)
y—1 x+1
J1 := RowOperation(J, L2,1], -1); _
2x+2 2y-=2
J1:= 0 -4y+4 (6.12)
y—1 xX+1
J2 := RowOperation(Ji, IS,Z]); _
2x+2 2y-=2
J2:=| y—1 X+ 1 (6.13)
0 -4y+4
J3 := RowOperation(J2, 1, y-1); # ausser fuer y =1
L (y—1) (2x+2) (2y—2) (y—1)
J3:= y—1 x+1 (6.14)
0 -4y+4
J4 = RowOperation(J3, 2, 2*x+2); # ausser fuer x = -1,
L (y—1) (2x+2) (2y—2) (y—1)
J4:=| (y—1) (2x+2) (x+1)(2x+2) (6.15)
0 -4y+4
RowQper ation(J4, [2,1], -1);
(y—1) (2x+2) (2y-=2)(y—1)
0 (x+1) (2x+2)—(2y—-2) (y—1) (6.16)
0 -4y+4

J5 = map(expand, %;
2XY+2y—2x—2 2y —4y+2

J5:= 0 2X +4x-2) +4y (6.17)
0 -4y+4
map(factor, J5);
2 (x+1) (y=1) 2 (y—1)°
0 2(y+x) (x+2-y) (6.18)

0 -4y+4



\ 4

\ 4

| den Extremfall
> subs(x = -1,

Hessematrix

j R --> R

> wi th(VectorCal culus):
>f = (x, vy, 2)

i fi=

>_Fbssian(f(x, Yy, 2), [X,

2ex2+)/2+z_i_4x2ex2—|—y2+2
4Xyex2+y2+z
erx2+y2+z
_> g = exp(x"2+y"2+z);
> Hessian(g, [x, y, z]);
Zex2+y2+z+4x2ex2+y2+z
4Xyex2+y2+z

2 2
erX +ys+2z

;>»mﬁth(LinearAIgebra):

L okale Extrema

;> restart;
| > with(VectorCal cul us):
> f:= -1/ 2*x"4 - xA2*yA2

fi=-

> |sDefinite(subs([x = 1,

B pl ot 3d(f, x=-2..2,y=-2..

y =1, J);

-> exp(x"N2+ynh2+z);

(X y ) X2+)/2+Z
)
y, z]); _
X+y2+z X +y2+z
4xye 2xe
2ex2+y2+z+4y2€x2+y2+z Zyex2+y2+z
2 2 2 2
Dy tYitz o Y2tz
g_:ex2+y2+z
X+y2+z X+y2 47 |
4xye 2xe

2 142 2 142
2 X +y +z_|_4);ex +ys+z 2ye

2 2
Zyex +y-+z

y =2, z =1],
true

(7.4));

wi t h( Li near Al gebra):

1/2*y“4+x“3 3*Xx*y"2,

Zf SXﬁ

2, view=-1.

y +X

X+y2+z

ex2 +y2 4z

1, styl e=pat chcont our);

Also ist fuer x <>-1 und y<>1 der Rang tatsaechlich 2. Wir testen

(6.19)

(7.1)

(7.2)

(7.3)

(7.4)

(7.5)

(8.1)



=> g:=Gadient(f,[x,¥]);
g:=(- 2x—2x;?+3x—3;? (-2¥y—2y —6xy)e (8.2)

=> H: =Hessi an(f, [x,y]):

—_ 2_ _ J—
Hee 6 X 2);+6x 4xy—6y (8.3)
“4Xxy—6y -2X¥—6)/—6x
=> sol ve(convert (g, set),{x,vy});
(Xx=0,y=0}, {x=0, y=0}, {x= %,y=0}, (x=0,y=0), {x= —%,y (8.4)

- % RootOf(_Z° — 3, label = LS)}

=> L: =sol ve(convert (g, set),{x,y},Explicit,DropMultiplicity);
L:={x=0,y=0}, {X=%,y=0} {x—-— y——J—} {x—-—,y— (8.5)

4’ 4
1]



(> HH ;=

HH:=

seq(subs(L[K],H, k=1..4);

00
00

> IsDefinite(HH2]);

9
2

Noch ein Beispiel

> f

45

i false
> |sDefinite(HH 2], query=negative_definite);

true

true

c= (XN2+y-11)1"2 + (X+YyN2-T7)1N2;
f:=(><2—i—y—11)2+(x—l—);—7)2

_> | sDefinite(HH 3], query=negative_definite);

]
4

4

> plot3d(f,x=-5..5,y=-5..5): # H el bl auf unkti on

25_

4

27
4

(8.6)
(8.7)

(8.8)

(8.9)



> Basi sFormat (fal se):
> g:=Gadient(f,[x,y]);

4(X+y—11)x+2x+2y —14

g:=
2X+2y—22+4(x+y'—7)y

(> H =map(factor, Hessi an(f,[x,y])):
12X +4y—42 4x+4y

Ax+4y S264+ 12y +4x

B _EnvAl'l Sol utions := true;
_EnvAllSolutions:= true

"> L:=sol ve([g[ 1] =0, g[ 2] =0] , {x, y}) : 2
L:i={x=3,y=2)}, {x=-RootOf (_Z +2 7 —-10_7-19)"+7,y

— RootOf(_Z +2 72 —10_2—19)}, {x — 13 RootOf(_Z — 26 _7

(8.10)

(8.11)

(8.12)

(8.13)



_42_Z 41, label= _L5)° — % RootOf(_Z° —26 7 —42 7 +1,

label = _L5)" + 21 RootOf (_Z° — 26 _7 —42 _7 + 1, label= _L5), y

_ % RootOf(_Z —26 7 —42 _7 + 1, label = _L5) }

=> AVL : = seq(allvalues(L[Kk]), k=1..3);
1/3
AVL:= {x=3, y=2}, |x= - (3174——1\/6303)

54
2 1/3
T 34 1/3—§ +7,y:(35147+—1\/6303)
9( L +—I\/6303)
.\ 34 2 x—--l(317
1/3 ’ o 2 54
9 ( 35147 +—I\/6303)
1/3
+—I\/6303) 17 75
9 ( 35147 +—I\/6303)
1/3 2
——I\/— 27 +—I\/6303) 34 —
9(35147 +—I\/6303j
1/3
+ ,y=-%(35147+—1\/6303) 17 1/3—%
9(35147 +—I\/6303j
1/3
_%Iﬁ (%Jr%sl“%%) o (317 134 s b
o(37 . 1 /5303
( 54 18 )
1/3
- ;(3514}74——1\/6303) 17 1/3—§
9 ( 35147 +—I\/6303)
1 317 1/3 34 :
+§Iﬁ +—I\/6303) s
9(35147 +—I\/6303j
1/3
+ ,y=—%(35147+—1\/6303J 17 —%

1/3
9(317 +—I\/6303)

54



1/3
NENNEY (35147+—I\/6303) 34 — ,{x
9(3174——1\/6303)

54

— 13 RootOf(_Z" =26 23 —42 72 +1, index=1)" — % RootOf (_7°
26 72 —42_ 72+ 1, index=1)" +21 RootOf (_Z* —26 _72 —42 _7 +1,
index=1), y= % RootOf (_2> =26 _ 72 —42 _7* + 1, index=1) }, {x

— 13 RootOf(_7 — 26 _7> —42 72 + 1, index=2)* — % RootOf(_7°
26 72 —42_ 72+ 1, index=2)" +21 RootOf (_LZ* —26 _72 —42 _7 +1,
index=2), y= % RootOf(_2> =26 _ 72 —42 _7* + 1, index=2) }, {x
— 13 RootOf(_7 — 26 _7> —42 _Z* + 1, index=3)* — % RootOf(_7°

26 72 —42_ 72+ 1, index=3)" +21 RootOf (_Z° —26 _72 —42 _7 +1,

index=3), y= % RootOf (_2> =26 _ 72 —42 _7* + 1, index=3) }, {x

— 13 RootOf(_Z" =26 23 —42 72 +1, index=4)° — % RootOf (_7°
26 72 —42_ 72+ 1, index=4)" +21 RootOf (_Z* —26 _72 —42 _7 +1,
index=4), y= % RootOf(_2> =26 _ 72 —42 _7* + 1, index = 4) }, {x

— 13 RootOf(_Z" =26 23 —42 72 +1, index=>5)° — % RootOf (_7°
26 72 —42_7Z2+1, index=5)" +21 RootOf (_Z° —26 _72 —42 _7Z +1,

index=75), y= % RootOf(_Z> =26 _ 72 —42 _7* + 1, index = 5)}

B seq(sinmplify(eval c(AVL[K])) , k=1..7);
[Error, (in iroot) powering may produce overflow

> seq(sinplify(eval c(subs(AVL[k],q@))) , k=1..7);
0 0 0 0 0 0 0

1) ) 1) ) (8-15)
0 0 0 0 0 0 0

(> L1:=1[1];
Q2 1R\



i Ll:={x=3,y=2} (8.16)
[> L2 := allvalues(L[2]);

1/3 2
L2 = |x=- (35147 +—I\/6303) 34 — —% (8.17)
9(35147 +—I\/6303)
1/3
+7,y= (35147—%—1\/6303) & 75 =5 X
9(35147 +—I\/6303)
1/3
= - ;(35147+—I 6303) Y 1/3‘%
9 ( 35147 +—I\/6303j
1/3 2
_%Iﬁ 6303) - 3 s
9(35147 +—I\/6303)
1/3
+ ,yz-%(35147+—1\/6303) 17 1/3—§
9(35147 +—I\/6303)
1/3
- 1173 (35147+—I\/6303) 3 i
9(35147 +—I\/6303)
1/3
_ ;(35147+—I\/6303) 17 1/3—§
9(35147 +—I\/6303)
1 317 1/3 34 .
+ 213 (54 +—I\/6303) —
9(35147 +—I\/6303)
1/3
+7,y=- %(35147+—I\/6303) 17 1/3—§
9(35147 +—I\/6303)
1/3
+ 513 (35147+—I\/6303) 3 s
9(35147 +—I\/6303)
(> L2[1] := {sinplify(evalc(L2 [1][1])), sinmplify(eval c(L2 [1]
[2]))}s
> L2[2] := {sinmplify(evalc(L2_[2][1])), sinmplify(eval c(L2_[2]
[2]))}s
Error in_iroot owering ma roduce overfl ow

Error, (in iroot) powering may produce overfl ow




> L2[3] := {sinmplify(evalc(L2_[2][1])), sinmplify(eval c(L2_[2]
[2]))};

L2;:= [x= —% —% 34 COS(% arctan(% J3 /2101 )) (8.18)
+ 08 cos(l arctan(i J3 /2101 ))2
9 3 317
+ % J3 /34 sin(% arctan(% J3 /2101 ))
+ 68 sin(l arctan(i \/?\/ 2101 )) ﬁcos(l arctan(i \/?
9 3 317 3 317
J2101j),y=—% 34 Cos(%arctan(%ﬁ\/zml)j—é

+%\/? 34 sin(% arctan(% J3 /2101 ))}

=> L3 := evalf(allvalues(L[3]));
L3:={x=3.385154184, y=0.07385187985}, {x=0.0866778, y (8.19)

=2.884254701}, {x=-3.073025752, y=-0.08135304430}, {x=
-0.27084459, y= -0.9230385565}, {x=-0.12796136, y =
-1.953714980}

(> subs(L[1],H):

74 20
(8.20)
20 34
> | sDefinite((8.20));
true (8.21)
> subs(L2[1],H);
Error., invalid input: subs received L2[1], which is not valid
[for its 1st argunent
> | sDefinite(??);
[Error. Invalid |abel reference
> subs(L2[2],H);
Error., invalid input: subs received L2[2], which is not valid
[for its 1st argunent
> |sDefinite(??);
[Error, Invalid | abel reference
> subs(L2[3],H;
43 4 1 3
le [-? -5 V34 cos(§ arctan(m J3 /2101 j) (8.22)

9 3 317

68 1 3 2
+ =2 cos| = arctan| —— /3 /2101




+ g \/? 34 sin(% arctan( \/—\/ 2101 )j

317

68 1 3 1

— — — V2101 —
+ 9 sm(3 arctan( 317\/? 0 ))\/—COS(S arctan( 317\/?

° oy 1 134
Vv 2101 3 34 cos 3 arctan \/—\/ 2101
+ i \/? 34 sin(l arctan( \/—\/ 2101 )j (196
3 317 9

298 34 COS(% arctan( 317 \/_\/ 2101 ))
+ % cos(% arctan( 317 \/_\/ 2101 ))

—8 \/? 34 sin(% arctan( 317 \/—\/ 2101 ))

272 1 3 1 3

== Pl t = 3 = =
+ 9 sm( 3 arc an( 317 \/—\/ 2101 J) \/?COS( 3 arctan( 317 \/?
J2101 )”
[—1796 298 34 COS(% arctan(% J3 /2101 ))

2

+ 272 cos(l aa‘ctaurl(i J3 /2101 )j

9 3 317

—8 J3 /34 sin(% arctan(% J3 /2101 j)
+ & sm(l arctan(i \/?\/ 2101 )) \/_cos(l arctan( \/?

9 3 317 3 317

\/2101)) —%+12( ; 34 Cos(%arctan(%\/?\/ﬂm))

2
—% +%\/? 34 sin(% arctan(% J3 /2101 )))

_ 16

1 3
4 = ——J3 Y
9 3 COS( 3 arctan( 317 3 V2101 ))

272

2
+g" cos(% arctan(% J3 /2101 )j
—6\/? 34 sin(% arctan(iﬁ\/ 2101 j)
272 1 \/—\/2101 ))\/—cos(%arctan( 3 \/?

£ = arct
+ 3 sm(3 arc an( 317 317



)

| sDefinite((8.22));

true (8.23)
seq(l sDefinite(subs(L3[K], H), query=negative definite), k=1..5)

false, false, false, true, false (8.24)
seq(l sDefinite(subs(L3[Kk],H), query=positive definite), k=1..5)

false, false, false, false, false (8.25)

seq(l sDefinite(subs(L3[k],H), query=positive semdefinite), k=
1..5);
false, false, false, false, false (8.26)

seq( | sDefinite(subs(L3[Kk], H), query=negative sem definite), k=
1..5);
false, false, false, true, false (8.27)

seq( ! sDefinite(subs(L3[k],H), query=indefinite), k=1..5);
true, true, true, false, true (8.28)



